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Abstract. For automatic structures, several logics have been shown
decidable: first-order logic, its extension by the infinity quantifier, by
modulo-counting quantifiers, and even by a restricted form of second-
order quantification. We review these decidability proofs. As a new re-
sult, we determine the data, the expression, and the combined complex-
ity of quantifier-classes for first-order logic. Finally, we also recall that
first-order logic becomes elementary decidable for automatic structures
of bounded degree.

1 Introduction

The idea of an automatic structure goes back to Büchi and Elgot who used fi-
nite automata to decide, e.g., Presburger arithmetic [9]. In essence, a structure
is automatic if the elements of the universe can be represented as strings from
a regular language (an element can be represented by several strings) and every
relation of the structure can be recognized by a finite automaton with several
heads that proceed synchronously. Automaton decidable theories [13] and au-
tomatic groups [10] are similar concepts. A systematic study was initiated by
Khoussainov and Nerode [15] who also coined the name “automatic structure”.
They received increasing interest over the last years [3, 4, 17, 18, 1, 16, 20, 2, 22];
Rubin’s survey [25] gives an excellent overview of the results in this area in
particular regarding the structure and decidability issues. One of the main moti-
vations for investigating automatic structures is that their first-order theories are
decidable. This decidability holds even if one extends first-order logic by quanti-
fiers “there exist infinitely many”, “the number of elements satisfying ϕ is finite
and equals (modulo q) p”, and “there exists an infinite relation satisfying ϕ”
(provided ϕ mentions the infinite relation only negatively).

But there exist automatic structures whose first-order theory is non-elemen-
tary (i.e., does not belong to n-EXPSPACE for any n ∈ N). An inspection of
the decidability proof (that we indicate in this article) shows that validity of a
formula in Σn+1 (i.e., with at most n + 1 nested negations) can be decided in
n-EXPSPACE. We prove this to be optimal in two very strict senses. First, we
construct (for every n ∈ N) a fixed formula ϕn ∈ Σn+1 such that validity in
an automatic structure is complete for n-EXPSPACE (the input to this problem
is a presentation of the structure by automata). Second, we also construct one
automatic structure such that validity of a sentence from Σn+1 is complete for



n-EXPSPACE. In other words, both the data and the expression complexity (and
therefore the combined complexity) are complete for n-EXPSPACE.

In the final part, we present a class of automatic structures that allow elemen-
tary decision procedures, namely the class of structures of bounded degree [23,
21].

2 Preliminaries

Let Γ be a finite alphabet and w ∈ Γ ∗ be a finite word over Γ . The length of w
is denoted by |w|.

2.1 Structures

A signature is a finite set τ of relational symbols, where every symbol r ∈ τ has
some fixed arity mr. Then a τ-structure A consists of a non-empty universe A
and, for every r ∈ τ , an mr-ary relation rA ⊆ Amr . Note that we only consider
relational structures. Sometimes, we will also use constants, but in our context,
a constant c can be always replaced by the unary relation {c}. Let us fix a τ -
structure A = (A, (rA)r∈τ ), where rA ⊆ Amr . To simplify notation, we will write
a ∈ A for a ∈ A. For B ⊆ A we define the restriction A�B = (B, (rA∩Bmr)r∈τ ).
Given further constants a1, . . . , an ∈ A, we write (A, a1, . . . , ak) for the structure
(A, (rA)r∈τ , a1, . . . , ak). In the rest of the paper, we will often identify a symbol
r ∈ τ with its interpretation rA.

A congruence on the structure A = (A, (r)r∈τ ) is an equivalence relation ≡
on A such that for every r ∈ τ and all a1, b1, . . . , amr , bmr ∈ A we have: If
(a1, . . . , amr) ∈ r and a1 ≡ b1, . . . , amr ≡ bmr , then also (b1, . . . , bmr) ∈ r. As
usual, the equivalence class of a ∈ A w.r.t. ≡ is denoted by [a]≡ or just [a] and
A/≡ denotes the set of all equivalence classes. We define the quotient structure
A/≡ = (A/≡, (r/≡)r∈τ ), where r/≡ = {([a1], . . . , [amr ]) | (a1, . . . , amr) ∈ r}.

2.2 Automatic structures

Let us fix n ∈ N and a finite alphabet Γ . Let # �∈ Γ be an additional padding
symbol. For words w1, w2, . . . , wn ∈ Γ ∗ we define the convolution w1 ⊗ w2 ⊗
· · · ⊗ wn, which is a word over the alphabet (Γ ∪ {#})n, as follows: Let wi =
ai,1ai,2 · · ·ai,ki with ai,j ∈ Γ and k = max{k1, . . . , kn}. For ki < j ≤ k define
ai,j = #. Then w1 ⊗ · · · ⊗ wn = (a1,1, . . . , an,1) · · · (a1,k, . . . , an,k). Thus, for
instance aba⊗ bbabb = (a, b)(b, b)(a, a)(#, b)(#, b). An n-ary relation R ⊆ (Γ ∗)n

is called automatic if the language {w1⊗· · ·⊗wn | (w1, . . . , wn) ∈ R} is a regular
language.

An m-dimensional (synchronous) automaton over Γ is just a finite automa-
ton A over the alphabet (Γ ∪ {#})m such that L(A) ⊆ {w1 ⊗ · · · ⊗ wm |
w1, . . . , wm ∈ Γ ∗}. Such an automaton defines an m-ary relation

R(A) = {(w1, . . . , wm) | w1 ⊗ · · · ⊗ wm ∈ L(A)} .
An automatic presentation is a tuple P = (Γ,A0, A=, (Ar)r∈τ ), where:



– Γ is a finite alphabet.
– τ is a signature (the signature of P ), as before mr is the arity of the symbol
r ∈ τ .

– A0 is a finite automaton over the alphabet Γ .
– For every r ∈ τ , Ar is an mr-dimensional automaton over the alphabet
Γ ∪ {#} such that R(Ar) ⊆ L(A0)mr .

– A= is a 2-dimensional automaton over the alphabet Γ ∪ {#} such that
the relation R(A=) ⊆ L(A0) × L(A0) is a congruence on the structure
(L(A0), (R(Ar))r∈τ ).

The structure presented by P is the quotient

A(P ) = (L(A0), (R(Ar))r∈τ )/R(A=) .

A structure A is called automatic if there exists an automatic presentation P
such that A ∼= A(P ). We will write [u] for the element [u]R(A=) (u ∈ L(A0)) of
the structure A(P ).

By SA, we denote the set of all automatic presentations (here S indicates
that we work with string-automata). A presentation P = (Γ,A0, A=, (Ar)r∈τ )
is called injective if R(A=) is the identity relation on L(A0). In this case, we can
omit the automaton A= and identify P with the tuple (Γ,A0, (Ar)r∈τ ). Then
iSA denotes the set of injective automatic presentations.

Examples

– All finite structures A are automatic with alphabet the universe of A. While
there are many infinite automatic structures (see below), there are no infinite
automatic fields [16].

– The complete binary tree with universe {0, 1}∗, together with the binary
relations “first son” S0, “second son” S1, “prefix” ≤, and “equal length” is
automatic.

– Presburger arithmetic (N,+) is automatic: the alphabet is {0, 1}, the lan-
guage of A0 is {0, 1} where the word a0a1 . . . an represents the number∑

0≤i≤n ai2i. Differently Skolem arithmetic (N, ·) is not automatic [3]. But
there is an extended notion of tree-automaticity based on tree-automata in-
stead of finite automata. Blumensath also showed that Skolem arithmetic is
tree-automatic.

– The linear order (Q,≤) is automatic: The universe is {0, 1}∗ with u < v
iff (u ∧ v)0 is a prefix of u or (u ∧ v)1 is a prefix of v (where u ∧ v is the
longest common prefix of u and v). This presentation is even “automatic-
homogeneous”: Let u1, . . . , un and v1, . . . , vn be increasing sequences of equal
length. Then there is an automatic automorphism f of ({0, 1}∗,≤) mapping
ui to vi [19].

– The rewrite graph (Σ∗,→) of every semi-Thue system and therefore the
configuration graph of every Turing machine are automatic.

– The extension of this configuration graph by the binary relation of reacha-
bility is in general not automatic. But for pushdown automata, the config-
uration graph with reachability (QΓ ∗,→,→∗) is automatic: a configuration
is represented the control state followed by the stack content.



– The theory of automatic structures was preceeded by that of automatic
groups [10] and semigroups [5]. In terms of automatic structures, a semi-
group is automatic (in the original sense) if its Cayley-graph has an injective
automatic presentation such that L(A0) forms a rational cross-section of
the (semi-)group. Many natural groups and semigroups were shown to be
automatic and therefore to have automatic Cayley-graphs:
• rational monoids [26],
• virtually free finitely generated, virtually free Abelian finitely generated,

and hyperbolic groups [10],
• singular Artin monoids of finite type [7], and
• graph products of such monoids [11].

In contrast, it seems that not many infinite groups are automatic in the sense
of this article. For instance, a finitely generated group is automatic iff it is
virtually Abelian [24].

– An automatic structure can be at most countably infinite. Hence, the ordi-
nal ω1 is certainly not automatic. Delhommé, Goranko, and Knapik proved
that an ordinal α is automatic iff α < ωω [8].

– Let B denote the Boolean algebra of all finite and co-finite subsets of N. Then
an infinite Boolean algebra is automatic iff it is a finite power of B [16].

3 Model checking

3.1 The logic FSO

Fix a signature τ . Then let V0 = {xi | i ∈ N} be a countably infinite set of
individual variables and, for k ≥ 1, let Vk = {Xk

i | i ∈ N} be a set of k-ary
relation variables. Formulas of FSO are then built according to the following
formation rules (where α and β are formulas, x, y, y1, . . . , yk ∈ V0 are individual
variables, R is a k-ary relation symbol, and X ∈ Vk is a k-ary relation variable):

(L1) x = y
(L2) R(y1, . . . , yk)
(L3) X(y1, . . . , yk)
(L4) α ∨ β and α ∧ β
(L5) ¬α
(L6) ∃x : α
(L7) ∃∞x : α
(L8) ∃(p,q)x : α for 0 ≤ p < q
(L9) ∃X infinite : α provided X ∈ Vk \ pos(α)

To complete this definition, we have to explain what pos(α), the set of posi-
tively occuring relation variables, is. This is achieved by induction as follows:

(1) pos(x = y) = neg(x = y) = ∅
(2) pos(R(y1, . . . , yk)) = neg(R(y1, . . . , yk)) = ∅
(3) pos(X(y1, . . . , yk)) = {X} and neg(X(y1, . . . , yk)) = ∅



(4) pos(α ∨ β) = pos(α) ∪ pos(β), neg(α ∨ β) = neg(α) ∪ neg(β), and similarly
for α ∧ β

(5) pos(¬α) = neg(α) and neg(¬α) = pos(α)
(6) pos(∃x : α) = pos(∃x : α) and neg(∃x : α) = neg(∃x : α)
(7) pos(∃∞x : α) = pos(α) and neg(∃∞x : α) = neg(α)
(8) pos(∃(p,q)x : α) = pos(α) and neg(∃(p,q)x : α) = neg(α)
(9) pos(∃X infinite : α) = pos(α) and neg(∃X infinite : α) = neg(α) \ {X}

Before we define the semantics, we observe that FSO contains several inter-
esting fragments:

– If we only allow the formation rules (L1,2,4,5,6), we obtain first-order logic
FO.

– If, in addition, (L7) is allowed, we obtain FO[∃∞].
– Similarly, FO[∃∞, ∃ mod ] is obtained by allowing all the rules except (L3)

and (L9).

We next define the semantics of these formulas. To this aim, let A be a τ -
structure with universe A. An interpretation in A is a family f = (fk)k≥0 of
functions with f0 : V0 → A and fk : Vk → 2A

k

for all k ≥ 1. Given such an
interpretation, we set A |=f ϕ (read as “ϕ holds in A under the interpretation f”)
iff one of the following hold

(S1) ϕ = (x = y) and f0(x) = f0(y).
(S2) ϕ = (R(y1, . . . , yk)) and (f0(y1), . . . , f0(yk)) ∈ RA.
(S3) ϕ = (X(y1, . . . , yk)) and (f0(y1), . . . , f0(yk)) ∈ fk(X).
(S4) ϕ = (α ∨ β) and A |=f α or A |=f β, or

ϕ = (α ∧ β), A |=f α, and A |=f β.
(S5) ϕ = ¬α and not A |=f α.
(S6) ϕ = ∃x : α and there exists a ∈ A with A |=f [ a

x ] α where f [ a
x ] = g is

a family of functions (gk)k≥0 with gk = fk for all k ≥ 1, g0(x) = a, and
g0(y) = f0(y) for all y ∈ V0 \ {x}.

(S7) ϕ = ∃∞x : α and there exist infinitely many a ∈ A with A |=f [ a
x ] α.

(S8) ϕ = ∃(p,q)x : α and the number of elements a ∈ A with A |=f [ a
x ] α is finite

and congruent p modulo q.
(S9) ϕ = ∃X infinite : α and there exists an infinite set B ⊆ Ak with A |=f [ B

X ] α

(where we assume X ∈ Vk).

Note that the formulas ∃∞x : ϕ and ¬∃(0,1)x : ϕ are equivalent. Therefore,
above, we did not define the fragment FO[∃ mod ] since it would be equivalent
with the more liberal FO[∃∞, ∃ mod ].

It is an easy exercise to show the following: let A be a τ -structure, ϕ a formula,
and suppose f(y) = g(y) for all y ∈ free(ϕ), the set of variables occurring
freely in ϕ. Then A |=f ϕ iff A |=g ϕ. Assuming a fixed tuple of variables
(y1, . . . , yn) with yi ∈ free(ϕ) for all 1 ≤ i ≤ n, we can therefore simply write
A |= ϕ(f(y1), . . . , f(yn)) for A |=f ϕ. For sentences (i.e., formulas without free
variables), it makes in particular sense to write A |= ϕ.



3.2 The model checking problem

Let C ⊆ SA be a class of automatic presentations and L ⊆ FSO a set of formulas.
Then

{(ϕ, P ) | ϕ ∈ L sentence, P ∈ C,A(P ) |= ϕ}
is the model checking problem MC(L,C) for L and C, i.e., it is the following
problem:
INPUT: a sentence ϕ from L and an automatic presentation P from C.
OUTPUT: Does A(P ) |= ϕ hold?

To solve the most general model checking problem MC(FSO, SA), one pro-
ceeds as follows:

Proposition 3.1 (cf. [15, 3, 17, 22]). Let P be an automatic presentation and
ϕ ∈ FSO a formula with free(ϕ) ⊆ {y1, . . . , ym} ⊆ V0. Then the relation R =
{(u1, . . . , um) ∈ L(A0)m | A(P ) |= ϕ([u1], . . . , [um])} is regular. Even more, an
m-dimensional automaton for this relation can be computed.

First assume P to be injective and therefore A(P ) = (L(A0), (R(Ar))r∈τ ). If
ϕ is a first-order formula, then the automaton is constructed by induction on
the structure of the formula ϕ: disjunction corresponds to the disjoint union
of automata, existential quantification to projection, and negation to comple-
mentation [15]. The quantifier ∃∞ can be reduced to the first-order case as
follows [3]: Let B be the extension of A(P ) by the length-lexicographic order ≤ll

on L(A0). Then B is still automatic and a formula of the form ∃∞x : ϕ is
equivalent with ∀y∃x(y ≤ll x∧ϕ). This allows to apply the result for first-order
logic. Such a reduction is not possible for the quantifiers ∃(p,q), but explicite
automata-constructions provide the solution [17] (I recommend the presentation
in [25, Proof of Thm. 3.19]). The basic idea is that a finite (k + 1)-dimensional
automaton A can be transformed into a k-dimensional that, on input of k
words (u1, . . . , uk) determines, modulo q, the number of words uk+1 such that
(u1, . . . , uk, uk+1) is accepted by A.

The idea for handling the remaining quantifier ∃X infinite is as follows (cf.
[22] for the details): Let σ be the extension of the signature τ by unary relation
symbols L and Ck and (k+ 1)-ary relation symbols elk for k ≥ 1. Then let B be
the structure obtained from A(P ) = (L(A0), (R(Ar))r∈τ ) as follows

– LB = L(A0) is the universe of A(P )
– CB

k ⊆ 2L(A0)
k

is the set of all infinite k-ary relations on L(A0)
– the universe of B consists of the language L(A0) and all infinite relations,

i.e., B = L(A0) ∪
⋃

k≥1 C
B
k ,

– the relations rB and rA(P ) = R(Ar) coincide for r ∈ τ , and
– elBk ⊆ L(A0)k × CB

k is the set of all (k + 1)-tuples (u1, . . . , uk, X) with
(u1, . . . , uk) ∈ X .

Now the formula ϕ ∈ FSO can be easily translated into a formula ψ from
FO[∃∞, ∃ mod ] with

A(P ) |= ϕ(u1, . . . , un) ⇐⇒ B |= ψ(u1, . . . , un) .



The article [18] (see also [25]) provides an encoding of certain infinite sets of
words by infinite words: A word comb is an infinite set {s0s1 . . . si−1ti | i ∈ N} ⊆
Σ∗ such that 0 < |si| < |ti| for all i ∈ N. A relation R ⊆ (Γ ∗)k can be encoded if
the set of convolutions {w1 ⊗ w2 · · · ⊗ wk | (w1, w2, . . . , wk) ∈ R} ⊆ (Γ ∪ {#})∗
is a word comb. Then a compactness argument shows that any infinite k-ary
relation on finite words contains an infinite subset that can be encoded in this
particular way. In a second step, we restrict the sets CB

k to these “encodeable”
relations and denote the resulting structure by B′. The restriction in formation
rule (L9) then ensures

B |= ψ(u1, . . . , un) ⇐⇒ B′ |= ψ(u1, . . . , un) .

The particular coding from [18] ensures that the structure B′ has an injective
“ω-automatic presentation” P ′. These ω-automatic presentations are defined
in the same way as automatic presentations, but using Büchi- instead of fi-
nite automata. Techniques similar to the above for FO[∃∞, ∃ mod ] provide a
k-dimensional Büchi-automaton for the relation defined by ψ in B′ [20] that can
be transformed into a k-dimensional finite automaton for the relation defined by
ϕ in A(P ).

Now let P be non-injective. Then the set of all words from L(A0) that are
length-lexicographically minimal in their equivalence class (as determined by the
automaton A=) is effectively regular [15]. This allows to compute an equivalent
injective presentation P ′ = (B0, (Br)r∈τ ) with L(B0) ⊆ L(A0) and R(Br) =
R(Ar)∩L(B0)k for all k-ary relation symbols r ∈ τ . Then by the above, one can
compute an m-dimensional automaton A with R(A) = {(v1, . . . , vm) ∈ L(B0)m |
A(P ′) |= ϕ(v1, . . . , vm)}. Hence Ph = (A0, A,A=) is an injective automatic
presentation and R is the set of tuples (u1, . . . , um) ∈ L(A0)m with

A(Ph) |= ∃v1, . . . , vm : (v1, . . . , vm) ∈ R ∧
∧

1≤i≤m

(ui, vi) ∈ R(A=) .

This finishes the proof of Prop. 3.1.
Now we come to a direct consequence of Prop. 3.1: to decide whether the

FSO-sentence ϕ holds, one adds a dummy variable x ∈ V0 and then computes
an automaton A with L(A) = {u ∈ L(A0) | A |= ϕ([u])}. Then A |= ϕ iff
L(A) �= ∅ which is decidable.

Theorem 3.2 (cf. [15, 3, 17, 22]). The model checking problem MC(FSO, SA)
for all automatic presentations is decidable. In particular, the FSO-theory {ϕ ∈
FSO : A(P ) |= ϕ} (that corresponds to MC(FSO, {P})) of every automatic
structure A(P ) is decidable.

Since the first-order theory of the binary tree ({0, 1}, S0, S1,≤) is non-ele-
mentary (cf. [6, Example 8.1]), there cannot be an elementary algorithm for
deciding the model checking problem MC(FSO, SA). The following two sections
analyse this situation a bit further for first-order logic.

Since the number of nested negations will be crucial in this analysis, we define
the following classes of formulas of FO:



– Σ0 is the set of quantifier-free formulas, i.e., those build according to the
formation rules (L1,2,4,5).

– BΣn is the set of Boolean combinations of formulas from Σn, i.e., we close
the set Σn with respect to the formation rules (L4,5).

– Σn+1 is the closure of the set BΣn with respect to the formation rules (L4,6).

By de Morgan’s rules, we can eliminate from every Σ0-formula any nesting
of negations. Since Σ0 = BΣ0 and since the formation of Σ1 does not involve
additional negations, the same applies to this set. By induction, we can rewrite
every BΣn-formula (for n > 0) such that it has at most n+ 1 nested negations
and the same applies to Σn+1-formulas. Note that this process does not increase
the size of the formula.

So let ϕ ∈ Σn+1 have at most n+1 nested negations and consider the proofs
of Prop. 3.1 and Theorem 3.2. Since each complementation increases the size of
the automaton exponentially, the automaton A from Prop. 3.1 has (n + 1)-fold
exponential size (in the formula ϕ and the presentation P ). Since non-emptiness
of the language of a finite automaton is in NL, the decision procedure indicated
above requires n-fold exponential space. Thus, we have the following more precise
statement of Theorem 3.2 for first-order logic:

Proposition 3.3. For all n ≥ 0, the model checking problem MC(Σn+1, SA)
belongs to n-EXPSPACE (where 0-EXPSPACE = PSPACE).

From the result of the following sections, it will follow that this upper bound is
optimal.

3.3 Data complexity

In this section, we want to construct, for every n ∈ N, a first-order sentence
ϕn ∈ Σn+1 such that the question “Does ϕn hold in the structure A(P )?” is
hard for n-fold exponential space. To this aim, we define the following family of
functions Fn : N → N by induction:

F0(m) = m and Fn+1(m) = Fn(m) · 2Fn(m) .

Note that Fn(m) is an n-fold exponential function. Hence there is a deterministic
Turing machine M with an n-EXPSPACE-complete language that runs in space
Fn(|w|) − 2 for every sufficiently long input w. Let Q be the set of states of M ,
q0 ∈ Q the initial state, qf ∈ Q the accepting state, and Γtape the tape alphabet.
For m ∈ N, an m-configuration of M is a word from Γ ∗

tapeQΓ
+
tape of length

Fn(m)−1 (u q v denotes the configuration with tape content uv, control state q,
and head position the first symbol of v). By �, we denote the one-step relation
of M . An m-computation of M is a word $c0$c1 . . . $ck$ over Γ = Q∪Γtape∪{$}
where k ∈ N is arbitrary, c0, c1, . . . , ck are m-configurations of equal length with
ci � ci+1 for all 0 ≤ i < k, and $ is an additional delimiter. An m-computation
is successful if ck ∈ Γ ∗

tapeqfΓ
+
tape, it is with input w ∈ Γ ∗

tape if c0 ∈ q0w�∗ where
� is the blank symbol of the machine M .



Now let w be some input word and let m be its length. We construct an
injective automatic presentation Pw such that the acceptance of w by M is
equivalent to validity of a formula ϕn ∈ Σn+1 that does not depend on the
word w. The structure A(Pw) consists of two parts that both depend on the
input word w: the alphabet of the first is Γ , that of the second is {0, 1}. Later,
we will present formulas λi(s) ∈ Σi such that A(Pw) |= λi(s) for s ∈ {0, 1}∗ iff
s ∈ Li = 0∗10Fi(m)−110∗, i.e., iff s ∈ {0, 1}∗ contains precisely two occurrences
of 1 and these two occurrences are Fi(m) apart. But first, we describe the first
part of the structure A(Pw): Its universe is the set Γ ∗ and its core is the binary
relation StepInBlocks. A pair of words (c, c′) belongs to StepInBlocks if and only
if

– c = $c0$c1$ . . . $ck$ and c′ = $c′0$c′1$ . . . $c′k$ for some configurations ci
and c′i,

– c0 = c′0,
– |ci| = |c′i| and ci � c′i for all 1 ≤ i ≤ k, and
– ck ∈ Γ ∗

tapeqfΓ
+
tape is some accepting configuration.

Then w is accepted by M iff there exists a word c = $c0$c1$ . . . $ck$ with
ci ∈ (Γ \ {$})∗ such that

(A1) c0 ∈ q0w�∗ is of length Fn(m) − 1 and
(A2) ($c0$c0$c1$ . . . $ck−1$, $c0$c1$ . . . $ck$) ∈ StepInBlocks.

To express (A1), we use the following two automatic relations:

– Ww is unary and consists of all words from $q0w�∗$.
– Prefix is binary and consists of all pairs (u, v) ∈ Γ ∗ × Γ ∗ where u is a prefix

of v.

Let x ∈ Ww be some prefix of c from Ww (i.e., x = $c0$). To express that c0
is of length Fn(m) − 1, we will actually express that the delimiter $ occurs at
positions in x that are Fn(m) apart. To this and later purposes, we will use the
following ternary relation:

– EqLet ⊆ {0, 1}∗ × [(Γ ∗ × Γ ∗) ∪ ({0, 1}∗ × {0, 1}∗)] is the set of triples
(0k0−110k1−110k2 , x, y) such that the letter at position k0 in x equals the
letter at position k0 + k1 in y.

Recall that λn(s) is a formula that defines the set Ln = 0∗10Fn(m)−110∗. Then
(A1) is equivalent to

A(Pw) |= ∃x : Ww(x) ∧ Prefix(x, c)
∧ ∃x′ : x′ ∈ 1{0, 1}∗ ∧ λn(x′) ∧ EqLet(x′, x, x) .

(1)

Here, the second line ensures that the letters number 1 and Fi(m) + 1 of x are
equal. Hence x ∈ Ww = $q0w0∗$ equals $q0w0Fn(m)−m−2$. Since it is a prefix
of c = $c0$c1 . . . ck$, Eq. 1 is equivalent to c0 = q0w0Fn(m)−m−2 and therefore
to (A1).



Next we argue that, given (A1) (and therefore in particular |c| > Fn(m)),
(A2) is equivalent to

A(Pw) |= ∃c′ : StepInBlocks(c′, c)
∧ ∀x′ : (λn(x′) ∧ |x′| ≤ |c′| → EqLet(x′, c, c′)) .

(2)

By StepInBlocks(c′, c), the words c and c′ have the same length, are sequences of
configurations, and c′ starts with $c0$. The second conjunct expresses that, for
all 0 < i ≤ |c′| − Fn(m), the ith letter of c and the letter number i+ Fn(m) + 1
of c′ coincide, i.e., c′ is the prefix of $c0c of length |c|. But this is equivalent with
c′ = $c0$c0$c1 . . . $ck−1$ as required by (A2).

It remains to present the formula λn that is build by induction and uses
not-yet-defined relations on the second part of A(Pw). Before we present these
relations, we need the following auxiliary definitions:

– For x = x0x1 . . . xk with xi ∈ {0, 1}, let val(x) =
∑

0≤i≤k xi2i, i.e., the
word x is considered as binary number written with the least significant bit
first.

– For x = x1x2 . . . xk with xi ∈ {0, 1}∗ and 1 ≤ i ≤ j ≤ k, let x[i, j) =
xixi+1 . . . xj−1 be the factor of x from position i to position j − 1.

The ternary relation DecBlocks is the core of the second part of the automatic
structure A(Pw), it is very similar to the relation StepInBlocks from the first
part:

– Let x ∈ {0, 1}∗ such that 0 < k0 < k1 · · · < k� are the positions of 1 in x.
Then the triple (x, y, z) of words of equal length belongs to DecBlocks iff
1. val(y[k0, k1)) = 0 (i.e., y[k0, k1) = 0k1−k0),
2. val(y[kj , kj+1)) − 1 = val(z[kj, kj+1)) for all 1 ≤ j < �, and
3. val(y[k�−1, k�)) = 2k�−k�−1 − 1 (i.e., y[k�−1, k�) = 1k�−k�−1).

The idea is that the first word divides the second and third into blocks that are
decremented separately. In addition, the first and last blocks of the second word
have the minimal and maximal possible value. Note in particular that y has only
one block of value 0 (since all the other can be decremented).

Further relations on the second part of A(Pw) are the following that all can
be accepted by automata whose size is polynomial in the size m of the input
word w:

– Lw = 0∗10m−110∗.
– Sw = 0∗(10m−1)+10∗ is the set of words with at least two occurrences of 1

such that consecutive occurrences are m positions apart.
– S1 is the set of pairs (x, 0k0−110k1−110k2−1) of words of equal length such

that k0 and k0 + k1 are the first and last occurrences of the letter 1 in x.
– Tw is the set of pairs (x, y) of words of equal length such that, for some

1 ≤ k0 ≤ |y| −m, the letter at position k0 in x is different from the letter at
position k0 +m in y.



– S2 is the set of pairs (0k0−110k1−110k2 , y) of words of equal length such that
the positions k0 and k0 + k1 are either consecutive occurrences of 1 in y, or
they both are occurrences of 0 in y.

Next we define formulas λi ∈ Σi that define the sets Li for 0 ≤ i ≤ n:
The formula λ0(s) = (Lw(s)) is the trivial starting point. Let λ1(s) denote the
following formula:

∃x1, x2, x3 : Sw(x1) ∧ S1(x1, s) ∧ ¬Tw(x2, x3) ∧ DecBlocks(x1, x2, x3)

The formula Sw(x1) ensures x1 = 0a(10m−1)�10b for some a, b, � ∈ N, � ≥ 1.
Then S1(x1, s) expresses s = 0a10�m−110b. By DecBlocks(x1, x2, x3), we know
|x1| = |x2| = |x3| and

1. val(x2[a, a+m)) = 0,
2. val(x2[a + jm, a + (j + 1)m)) − 1 = val(x3[a + jm, a + (j + 1)m)) for all

1 ≤ j < �, and
3. val(x2[a+ (�− 1)m, a+ �m)) = 2m − 1.

Finally, the formula ¬Tw(x2, x3) expresses that for all 0 < k ≤ |x2| − m, the
letter at position k in x2 equals that at position k +m in x3. Hence we have

val(x2[a+ jm, a+ (j + 1)m)) − 1 = val(x3[a+ jm, a+ (j + 1)m))
= val(x2[a+ (j − 1)m, a+ jm))

for all 1 ≤ j < �, i.e., the blocks (as determined by x1) in x2 carry consecutive
numbers from 0 to 2m−1. Since DecBlocks(x1, x2, x3) also implies that no other
than the first block of x2 carries 0, we have precisely 2m blocks of length m each.
Hence 1 + (�m − 1) = m · 2m = F1(m) which is equivalent with s ∈ L1. Thus,
indeed, λ1(s) ∈ Σ1 defines the set L1.

Now we proceed by induction on i and let λi+1 denote the following formula:

∃x1, x2, x3 : S1(x1, s) ∧ DecBlocks(x1, x2, x3) ∧
x2 /∈ 0∗ ∪ 1∗ ∧ ∃x4 : λi(x4) ∧ |x4| ≤ |x2| ∧
∀x4 : λi(x4) ∧ |x4| ≤ |x2| → S2(x4, x2) ∧
∀x4 : λi(x4) ∧ |x4| = |x3| → EqLet(x4, x2, x3)

By the quantified formula in the second line and the induction hypothesis, |x2| >
Fi(m) ≥ m. Hence the third line ensures that x2 is of the form 0a(10Fi(m)−1)�10b

for some a, b, � ∈ N with � ≥ 1. Then the last line expresses that, for all 0 < k ≤
|x3|−Fi(m), the letter at position k in x2 equals the letter at position k+Fi(m)
in x3. In particular,

x2[a+ kFi(m),a+ (k + 1)Fi(m))
= x3[a+ (k + 1)Fi(m), a+ (k + 2)Fi(m)) (3)

for all 0 ≤ k < �. Now, by the first line, s = 0a10�Fi(m)−110b and



– val(x2[a, a+ Fi(m))) = 0,
– val(x2[a+kFi(m), a+(k+1)Fi(m))−1 = val(x3[a+kFi(m), a+(k+1)Fi(m))

for all 0 < k < �, and
– val(x3[a+ (�− 1)Fi(m), a+ �Fi(m))) = 2Fi(m) − 1.

Now, together with Eq. 3, we obtain as above

val(x2[a+ kFi(m),a+ (k + 1)Fi(m))) − 1
= val(x3[a+ kFi(m), a+ (k + 1)Fi(m)))
= val(x2[a+ (k − 1)Fi(m), a+ kFi(m)))

for all 1 ≤ k < �. As above, this ensures 1+(�m−1) = Fi(m) ·2Fi(m) = Fi+1(m)
which is equivalent with s ∈ Li+1.

Assuming by induction λi ∈ Σi, we obtain λi+1 ∈ Σi+1 as required.
Now we can complete the definition of the automatic structure A(Pw): Its

universe is the set Γ ∗ ∪ {0, 1}∗ and it has the following automatic relations:

– Ww, Lw, Sw, and Tw (these relations depend on the word w).
– StepInBlocks, Prefix, EqLet, DecBlocks, S1, S2, 1{0, 1}∗, and 0∗ ∪ 1∗ (these

relations are independent from the word w).

Summarizing, we have the following: an input word w of length m is accepted
by the machine M if and only if A(Pw) |= ∃c : c ∈ C ∧α1 ∧α2 where α1 and α2

are the Σn+1-formulas from Eq. 1 and Eq. 2, resp. Note that these formulas are
independent from the word w and that the automata from Pw can be computed
from w in polynomial time. Since the language of the machine M is complete
for n-EXPSPACE, we therefore proved

Proposition 3.4. For n ≥ 0, there exists a sentence ϕn ∈ Σn+1 such that
the model checking problems MC({ϕ}, SA) and MC({ϕ}, iSA) are complete for
n-EXPSPACE.

From Propositions 3.3 and 3.4, we obtain immediately

Corollary 3.5. For all n ∈ N, the model checking problems MC(Σn+1, SA) and
MC(Σn+1, iSA) are complete for n-EXPSPACE.

3.4 Expression complexity

In the previous section, we constructed a fixed sentence ϕn ∈ Σn+1 and, from
an input word w, an automatic presentation Pw such that acceptence of w is
equivalent to validity of ϕn in A(Pw). In this section, we proceed complemen-
tary: we construct a fixed automatic presentation P and, from an input word
w, a sentence ϕw

n ∈ Σn+1 such that acceptence of w is equivalent to validity of
ϕw

n in A(P ). Consequently, we will prove that the Σn+1-theory of A(P ) is hard
for n-EXPSPACE. Note the subtlety that the presentation P is even independent
from n, i.e., the hardness holds for all n ∈ N. Therefore, we now assume the Tur-
ing machine M to be universal. Furthermore, we define the following functions



Gn : N → N that are a slight variation of the functions Fn from the previous
section:

G0(m) = m,G1(m) = 2m, and Gn+1(m) = Gn(m) · 2Gn(m)

Note that Gn(m) is an n-fold exponential function. Hence, for every n ∈ N, the
following language is complete for n-EXPSPACE:

Mn = {w ∈ L(M) | M accepts w in space Gn(|w|) − 2}
Now let w = a1a2 . . . am be some input word of length m. We construct an

injective automatic presentation P (that does not depend on w) such that the
acceptance of w by M in space Gn(|w|) is equivalent to validity of a formula
ϕw

n ∈ Σn+1 of polynomial size. As before, the structure A(P ) consists of two
parts: the alphabet of the first is Γ , that of the second is {0, 1}. Later, we
will present formulas λ′i(s) ∈ Σi such that A(P ) |= λ′i(s) for s ∈ {0, 1}∗ iff
s ∈ L′

i = 0∗10Gi(m)−110∗, i.e., iff s ∈ {0, 1}∗ contains precisely two occurrences
of 1 and these two occurrences are Gi(m) apart.

But first, we describe the first part of the structure A(P ). Recall that the
relation Ww is the only one in the first part of A(Pw) that depends on the input
word w. It is therefore our task to replace it by relations independent from w,
and then express membership in Ww by a small and simple formula. To this
aim, we use the following relations:

– Succa for a ∈ Γ ∪{0, 1} consists of all pairs (u, ua) with u ∈ Γ ∗ if a ∈ Γ and
u ∈ {0, 1}∗ if a ∈ {0, 1}.

– Succ�∗$ consists of all pairs (u, uv) with u ∈ Γ ∗ and v ∈ �∗$.

Now consider the following formula:

∃x, x0, . . . , xm : Succq0(ε, x0) ∧
∧

0≤i<m

Succai+1(xi, xi+1)

∧ Succ�∗$(xm, x) ∧ Prefix(x, c)
∧ ∃x′ : x′ ∈ 1{0, 1}∗ ∧ λ′n(x′) ∧ EqLet(x′, x, x)

(4)

Given the relations Succx, it is equivalent to the formula from Eq. 1, but this
time, it depends on the word w. This completes the changes regarding the first
part of the automatic structure.

The second part of the structure A(Pw) contains the relations Lw, Sw, and
Tw that all depend on the word w and therefore have to be replaced. The
following formula λ′0(s)

s ∈ 0∗10∗10∗ ∧ ∃x0, x1, . . . , xm :
(

Succ1(x0, x1) ∧
∧

1≤i<m Succ0(xi, xi+1)
∧ Succ1(xm−1, xm) ∧ Prefix(xm, s)

)

is equivalent with λ0(s), i.e., λ′0(s) holds iff s ∈ L′
0 = 0∗10m−110∗. But differently

from λ0(s), it belongs to Σ1.
Next we deal with the formula λ′1 that defines the set L′

1 = 0∗10G1(m)−110∗.
Consider the two automata A0 and A1 from Fig. 1 that accept the relations



A0: 00

10

01

00

01

00

10

00

A1: 000

100

010

001

011

000

100

000

010

011

Fig. 1. The automata for R0 and R1

R(A0) = R0 ⊆ ({0, 1}∗)2 and R(A1) = R1 ⊆ ({0, 1}∗)3. Now λ′1(s) is the
following formula from Σ1:

∃x1, . . . , xm : R0(s, x1) ∧
∧

1≤i<m

R1(s, xi, xi+1) ∧ xm ∈ 0∗1∗0∗

Then R0(s, x1) ensures s = 0a10b−110c for some a, b, c ∈ N and all the
words x1, . . . , xm are of the form 0a0{0, 1}b−100c by R0(s, x1) andR1(s, xi, xi+1),
resp. From R0(s, x1), we also obtain x1 = 0a(01)

1
2 b00c (in particular, b is even).

Now consider R1(s, x1, x2): it expresses that, at any position between the two
occurrences of 1 in s, the digit in the word x1 drops from 1 to 0 iff the digit
in the word x2 changes. Hence R1(s, x1, x2) ensures x2 = 0a(0011)

1
4 b00c. By

induction, we obtain xi = 0a(02n−1
12n−1

)
1

2n b00c and therefore in particular xm =
0a(02m−1

12m−1
)

1
2m b00c. Since xm is from 0∗1∗0∗, this implies b = 2m = G1(m).

Conversely, only these words xi make the above formula true so that, indeed,
λ′1(s) expresses s ∈ 0∗10G1(m)−110∗ = L′

1 as required.
To define the formulas λ′i(s) ∈ Σi for i > 1, we can proceed as in the previous

section.
Now we can complete the definition of the automatic structure A(Pw): Its

universe is the set Γ ∗ ∪ {0, 1}∗ and it has the following automatic relations that
are all independent from the word w:

– Succa, Succ�∗$, R0, R1, StepInBlocks, Prefix, EqLet, DecBlocks, S1, S2,
1{0, 1}∗, 0∗ ∪ 1∗, 0∗10∗10∗, and 0∗1∗0∗.



Summarizing, we have the following: an input word w of length m is accepted
by the machine M in space Gn(m) if and only if A(P ) |= ∃c : c ∈ C ∧ α4 ∧ α′

2

where α4 is the Σn+1-formula from Eq. 4 and α′
2 arises from α2 (cf. Eq. 2)

by replacing λn by λ′n. Note that this formula can be computed from the input
word w in polynomial time. Since the languageMn is complete for n-EXPSPACE,
we therefore proved the following analog of Prop. 3.4 which is, at the same time,
a strengthening of Cor. 3.5:

Proposition 3.6. There exists an injective automatic presentation P such that,
for all n ≥ 0, the model checking problems MC(Σn+1, {P}) and MC(Σn+1, {P})
are complete for n-EXPSPACE.

3.5 Bounded degree

From Cor. 3.5, it follows immediately that MC(FO, SA) cannot be decided in
elementary space (although it is decidable by Theorem 3.2). In this section, we
present a class of automatic presentations SAb such that MC(FO, SAb) becomes
elementary.

In the following, let P = (Γ,A0, A=, (Ar)r∈τ ) be an automatic presentation
and let A = A(P ). The decision procedure will be based on the näıve algorithm
from Fig. 2 for deciding whether A |= ϕ. The problem with this näıve approach

1 check(ϕ(x̄), ū) : {0, 1}
(ϕ(x̄) formula of quantifier rank ≤ d
with k = |ū| = |x̄| many free variables,
ū tuple of words from L(A0))

2 case ϕ = R(x̄)
3 if ū ∈ L(AR) then return(1) else return(0) endif
4 case ϕ = α ∨ β
5 return(max(check(α, ū), check(β, ū)))
6 case ϕ = ¬α
7 return(1 − check(α, ū))
8 case ϕ = ∃y : α(x̄, y)
9 return(max{check(ϕ1, (ū, v)) | v ∈ L(A0)})

Fig. 2. The näıve algorithm

is that the computation in line 9 requires infinitely many recursive calls if the
language L(A0) is infinite. Hence our task is to find properties of the automatic
presentation P that allow to effectively reduce the number of recursive calls
in line 9. To describe such a condition, we need the following model theoretic
definitions.



The Gaifman-graph G(A) of the τ -structure A is the following symmetric
graph:

G(A) = (A, {(a, b) ∈ A×A |
∨
r∈τ

∃(a1, . . . , amr ) ∈ r ∃j, k : aj = a, ak = b}) .

Thus, the set of nodes is the universe of A and there is an edge between two
elements if and only if they are contained in some tuple belonging to one of the
relations of A. The structure A has bounded degree if the Gaifman graph G(A)
has bounded degree, i.e., there exists a constant δ such that every a ∈ A is
adjacent to at most δ many other nodes in G(A). For convenience, we say that
the automatic presentation P has bounded degree if the structure A(P ) has
bounded degree.

The Gaifman-graph is also the basis for the definition of spheres: For a, b ∈ A,
let d(a, b) be the distance between a and b in the Gaifman-graphG(A). For a ∈ A
and r ∈ N, let S(r, a) denote the set of elements b of A with d(a, b) ≤ r. Then,
for ā = (a1, . . . , ak) ∈ Ak and d ≥ 0, k > 0, we denote with A[d + k, ā] the
induced substructure A�

⋃k
i=1 S(2d+k−i, ai). Given these notions, the following

locality principle can be formulated.

Theorem 3.7 ([14]). Let A be a structure, ā, b̄ ∈ Ak and d ≥ 0 such that
(A[d + k, ā], ā) ∼= (A[d + k, b̄], b̄). Then, for every formula ϕ(x1, . . . , xk) ∈
FO[∃∞, ∃ mod ] of quantifier depth at most d, we have: A |= ϕ(ā) ⇐⇒ A |= ϕ(b̄).

A short remark on the history of this result: for first-order logic, it was first
shown by Gaifman [12] where, in the definition of A[d+ k, ā], he used the radius
7d instead of 2d+k−i. His result has been improved in two directions: the radius
7d was reduced and the logic has been extended. The final result of this line
of research was provided by Keisler and Lotfallah in [14] proving the above
theorem in an even stronger version: instead of A[d+k, ā], it suffices to consider
the restriction of A to

⋃k
i=1 S(2d, ai) and, secondly, the result holds for even

stronger extensions of FO.
This theorem provides the first step in the restriction of the search space in

line 9 of the näıve algorithm: If (A[d+k, (ū, v)], (ū, v)) ∼= (A[d+k, (ū, v′)], (ū, v′)),
then it suffices to consider the word v. But still, there could be infinitely many
isomorphism types of the form A[d+k, (ū, v)] – which can be excluded by requir-
ing the structure A to be of bounded degree. Then pumping arguments show
that it suffices to consider words of triply exponential length in line 9 of the
näıve algorithm:

Theorem 3.8 ([20]). Let P be an automatic presentation of bounded degree.
Then the model checking problem MC(FO[∃∞, ∃ mod ], {P}) is in 3-EXPSPACE.

A further improvement of the näıve algorithm is obtained if, instead of the
argument ū, one passes the isomorphism type of the finite structure (A[d +
k, ū], ū). This approach yields the following result.

Theorem 3.9 ([21]).



(1) The model checking problem MC(FO, iSAb) belongs to 2-EXPSPACE where
iSAb = iSA ∩ SAb is the set of injective automatic presentations of bounded
degree.

(2) The model checking problem MC(FO, SAb) belongs to 3-EXPSPACE.
(3) The model checking problem MC(FO, {P}) belongs to 2-EXPSPACE for every

automatic presentation P of bounded degree.

Note that (1) and (2) give upper bounds for the combined complexities while
(3) bounds the expression complexity of FO-model checking. This latter up-
per bound is shown to be tight in [21] since we constructed an injective au-
tomatic presentation of bounded degree P such that MC(FO, {P}) is hard for
2-EXPSPACE. Hence also the upper bound in (1) is tight. So far, nothing is known
about the data complexity, i.e., the complexity of the problems MC({ϕ}, iSAb)
and MC({ϕ}, SAb) for ϕ ∈ FO. Furthermore, it is not known whether Theo-
rem 3.8 is optimal nor what the combined or data complexity of FO[∃∞, ∃ mod ]
is.
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