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Theorem

For every regular product tv-monoid D = (D,+, �, 0, 1,Val)
m-monoid A = (A,⊕, 0,Ω)

tv-wta

Rec(Σ,D) Def(Σ,D) tv-mso formulas

m-wta

π2
1(Rec(Σ,A

D

)) π2
1(Def(Σ,A

D

)) m-expressions

[DGMM11]

[FSV12]

J·K

J·K

t(·) t(·)

J·K

J·K

related

Rec(Σ,X ): class of recognizable weighted tree languages over X
Def(Σ,X ): class of definable weighted tree languages over X
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Construction of the m-monoid AD

D = (D,+, �, 0, 1,Val)  AD = (D × T u
D ,⊕, (0, 0),Ω)

5
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+̃

3

32

72

6

=

⊕ : (D × T u
D)× (D × T u

D)→ (D × T u
D)

(d1, ξ1)⊕ (d2, ξ2) = (d1 + d2, ξ1+̃ξ2)

Ω = {valtopd (k) | d ∈ D, k ∈ N}

valtopd
(k) : (D × T u

D)k → D × T u
D

valtopd
(k)((d1, ξ1), . . . , (dk , ξk)) = (Val(ξ), ξ)

ξ = d(ξ1, . . . , ξk)
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m-monoid A = (A,⊕, 0,Ω)

tv-wta Rec(Σ,D)

Def(Σ,D) tv-mso formulas

m-wta

π2
1(

Rec(Σ,AD)

) π2
1(Def(Σ,AD)) m-expressions

[DGMM11]

[FSV12]

J·K

J·K

t(·) t(·)

J·K

J·K

related

Rec(Σ,X ): class of recognizable weighted tree languages over X
Def(Σ,X ): class of definable weighted tree languages over X
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Automata Equivalence

N = (Q, µ,F )
related←→ M = (Q, δ,F )

tv-wta over D m-wta over AD

µσ(q1 . . . qk , q) = d iff δσ(q1 . . . qk , q) = valtopd
(k)

σ

ασ

βα

σ

ασ

βα

JN K = π2
1(JMK)
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Multioperator Expressions [FSV12]

σ

ασ

βα

x

x

5

5

2

+

max

∑
x(root(x) B H(ω))

ω(α,∅)() = 5

ω(β,∅)() = 2

ω(σ,∅)(n1, n2) = n1+n2

ω(σ,{x})(n1, n2) = max{n1, n2}

m-expressions over Σ and m-monoid A:

I H(ω) where ω = (ωσ ∈ Ω | σ ∈ ΣU )

I (e1 + e2)

I
∑

x e ,
∑

X e

I (ϕ B e) where ϕ ∈ mso(Σ)

language defined by e : JeK : TΣ → A

class of m-expression definable tree
languages: Def(Σ,A)
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Tree Valuation MSO [DGMM11]

σ

ασ

βα

x

D = (D,+, �, 0, 1,Val)
tv-mso over Σ and ptv-monoid D:

ϕ ::= d | β | ϕ∨ϕ | ϕ∧ϕ | ∃x .ϕ | ∀x .ϕ | ∃X .ϕ

β ∈ mso(Σ) - Boolean formula

language defined by ϕ: JϕK : TΣ → D

class of syntactically restricted tv-mso
definable tree languages: Def(Σ,D)

Example:

∀x .
(
labelα(x)∧ 5 ∨ labelβ(x)∧ 2 ∨ labelσ(x)∧ 7

)

14 / 19



Tree Valuation MSO [DGMM11]

σ

ασ

βαx

D = (D,+, �, 0, 1,Val)
tv-mso over Σ and ptv-monoid D:

ϕ ::= d | β | ϕ∨ϕ | ϕ∧ϕ | ∃x .ϕ | ∀x .ϕ | ∃X .ϕ

β ∈ mso(Σ) - Boolean formula

language defined by ϕ: JϕK : TΣ → D

class of syntactically restricted tv-mso
definable tree languages: Def(Σ,D)

Example:

∀x .
(
labelα(x)∧ 5 ∨ labelβ(x)∧ 2 ∨ labelσ(x)∧ 7

)

14 / 19



Tree Valuation MSO [DGMM11]

σ

ασ

β5

x x

D = (D,+, �, 0, 1,Val)
tv-mso over Σ and ptv-monoid D:

ϕ ::= d | β | ϕ∨ϕ | ϕ∧ϕ | ∃x .ϕ | ∀x .ϕ | ∃X .ϕ

β ∈ mso(Σ) - Boolean formula

language defined by ϕ: JϕK : TΣ → D

class of syntactically restricted tv-mso
definable tree languages: Def(Σ,D)

Example:

∀x .
(
labelα(x)∧ 5 ∨ labelβ(x)∧ 2 ∨ labelσ(x)∧ 7

)

14 / 19



Tree Valuation MSO [DGMM11]

σ

ασ

β5x x

D = (D,+, �, 0, 1,Val)
tv-mso over Σ and ptv-monoid D:

ϕ ::= d | β | ϕ∨ϕ | ϕ∧ϕ | ∃x .ϕ | ∀x .ϕ | ∃X .ϕ

β ∈ mso(Σ) - Boolean formula

language defined by ϕ: JϕK : TΣ → D

class of syntactically restricted tv-mso
definable tree languages: Def(Σ,D)

Example:

∀x .
(
labelα(x)∧ 5 ∨ labelβ(x)∧ 2 ∨ labelσ(x)∧ 7

)

14 / 19



Tree Valuation MSO [DGMM11]

7

57

25x

D = (D,+, �, 0, 1,Val)
tv-mso over Σ and ptv-monoid D:

ϕ ::= d | β | ϕ∨ϕ | ϕ∧ϕ | ∃x .ϕ | ∀x .ϕ | ∃X .ϕ

β ∈ mso(Σ) - Boolean formula

language defined by ϕ: JϕK : TΣ → D

class of syntactically restricted tv-mso
definable tree languages: Def(Σ,D)

Example:

∀x .
(
labelα(x)∧ 5 ∨ labelβ(x)∧ 2 ∨ labelσ(x)∧ 7

)

14 / 19



Tree Valuation MSO [DGMM11]

Val
( 7

57

25

) D = (D,+, �, 0, 1,Val)
tv-mso over Σ and ptv-monoid D:

ϕ ::= d | β | ϕ∨ϕ | ϕ∧ϕ | ∃x .ϕ | ∀x .ϕ | ∃X .ϕ

β ∈ mso(Σ) - Boolean formula

language defined by ϕ: JϕK : TΣ → D

class of syntactically restricted tv-mso
definable tree languages: Def(Σ,D)

Example:

∀x .
(
labelα(x)∧ 5 ∨ labelβ(x)∧ 2 ∨ labelσ(x)∧ 7

)

14 / 19



Theorem

For every regular product tv-monoid D = (D,+, �, 0, 1,Val)

m-monoid A = (A,⊕, 0,Ω)

tv-wta Rec(Σ,D)

Def(Σ,D)

tv-mso formulas

m-wta π2
1(Rec(Σ,AD))

π2
1(Def(Σ,AD))

m-expressions

[DGMM11]

[FSV12]

J·K

J·K

t(·) t(·)

J·K

J·K

related

Rec(Σ,X ): class of recognizable weighted tree languages over X
Def(Σ,X ): class of definable weighted tree languages over X

15 / 19



Theorem

For every regular product tv-monoid D = (D,+, �, 0, 1,Val)

m-monoid A = (A,⊕, 0,Ω)

tv-wta Rec(Σ,D) Def(Σ,D) tv-mso formulas

m-wta π2
1(Rec(Σ,AD)) π2

1(Def(Σ,AD)) m-expressions

[DGMM11]

[FSV12]

J·K

J·K

t(·) t(·)

J·K

J·K

related

Rec(Σ,X ): class of recognizable weighted tree languages over X
Def(Σ,X ): class of definable weighted tree languages over X

15 / 19



Theorem

For every regular product tv-monoid D = (D,+, �, 0, 1,Val)

m-monoid A = (A,⊕, 0,Ω)

tv-wta Rec(Σ,D) Def(Σ,D) tv-mso formulas

m-wta π2
1(Rec(Σ,AD)) π2

1(Def(Σ,AD)) m-expressions

[DGMM11]

[FSV12]

J·K

J·K

t(·) t(·)

J·K

J·K

related

Rec(Σ,X ): class of recognizable weighted tree languages over X
Def(Σ,X ): class of definable weighted tree languages over X

15 / 19



Theorem

For every regular product tv-monoid D = (D,+, �, 0, 1,Val)

m-monoid A = (A,⊕, 0,Ω)

tv-wta Rec(Σ,D) Def(Σ,D) tv-mso formulas

m-wta π2
1(Rec(Σ,AD)) π2

1(Def(Σ,AD)) m-expressions

[DGMM11]

[FSV12]

J·K

J·K

t(·) t(·)

J·K

J·K

related

Rec(Σ,X ): class of recognizable weighted tree languages over X
Def(Σ,X ): class of definable weighted tree languages over X

15 / 19



Tree Valuation MSO  Multioperator Expressions

t(∃x .([root(x)∧ 2]∨ 5))

=
∑

x(t([root(x)∧ 2]∨ 5))

=
∑

x(t(root(x)∧ 2) + t(5))

=
∑

x((root(x) . t(2)) + t(5))

For every d ∈ D:

t(d) simulates the automaton Nd

recognizing d for any input

t(∀x .ψ):
step(ψ) = (d1, ψ1), . . . , (dn, ψn)
JψK(ξ) =

∑
i∈[n] 1L(ψi )(ξ) � di

t(∀x .ψ)
=
∑

X1
. . .
∑

Xn(
∀x .(

∧
i∈[n](x ∈ Xi )⇔ ψi )

)
.H(ω)

ω(σ,U) = valtopdU
(k)

dU =
∑

i∈[n]
Xi∈U

di

16 / 19



Tree Valuation MSO  Multioperator Expressions

t(∃x .([root(x)∧ 2]∨ 5))

=
∑

x(t([root(x)∧ 2]∨ 5))

=
∑

x(t(root(x)∧ 2) + t(5))

=
∑

x((root(x) . t(2)) + t(5))

For every d ∈ D:

t(d) simulates the automaton Nd

recognizing d for any input

t(∀x .ψ):
step(ψ) = (d1, ψ1), . . . , (dn, ψn)
JψK(ξ) =

∑
i∈[n] 1L(ψi )(ξ) � di

t(∀x .ψ)
=
∑

X1
. . .
∑

Xn(
∀x .(

∧
i∈[n](x ∈ Xi )⇔ ψi )

)
.H(ω)

ω(σ,U) = valtopdU
(k)

dU =
∑

i∈[n]
Xi∈U

di

16 / 19



Tree Valuation MSO  Multioperator Expressions

t(∃x .([root(x)∧ 2]∨ 5))

=
∑

x(t([root(x)∧ 2]∨ 5))

=
∑

x(t(root(x)∧ 2) + t(5))

=
∑

x((root(x) . t(2)) + t(5))

For every d ∈ D:

t(d) simulates the automaton Nd

recognizing d for any input

t(∀x .ψ):
step(ψ) = (d1, ψ1), . . . , (dn, ψn)
JψK(ξ) =

∑
i∈[n] 1L(ψi )(ξ) � di

t(∀x .ψ)
=
∑

X1
. . .
∑

Xn(
∀x .(

∧
i∈[n](x ∈ Xi )⇔ ψi )

)
.H(ω)

ω(σ,U) = valtopdU
(k)

dU =
∑

i∈[n]
Xi∈U

di

16 / 19



Tree Valuation MSO  Multioperator Expressions

t(∃x .([root(x)∧ 2]∨ 5))

=
∑

x(t([root(x)∧ 2]∨ 5))

=
∑

x(t(root(x)∧ 2) + t(5))

=
∑

x((root(x) . t(2)) + t(5))

For every d ∈ D:

t(d) simulates the automaton Nd

recognizing d for any input

t(∀x .ψ):
step(ψ) = (d1, ψ1), . . . , (dn, ψn)
JψK(ξ) =

∑
i∈[n] 1L(ψi )(ξ) � di

t(∀x .ψ)
=
∑

X1
. . .
∑

Xn(
∀x .(

∧
i∈[n](x ∈ Xi )⇔ ψi )

)
.H(ω)

ω(σ,U) = valtopdU
(k)

dU =
∑

i∈[n]
Xi∈U

di

16 / 19



Tree Valuation MSO  Multioperator Expressions

t(∃x .([root(x)∧ 2]∨ 5))

=
∑

x(t([root(x)∧ 2]∨ 5))

=
∑

x(t(root(x)∧ 2) + t(5))

=
∑

x((root(x) . t(2)) + t(5))

For every d ∈ D:

t(d) simulates the automaton Nd

recognizing d for any input

t(∀x .ψ):
step(ψ) = (d1, ψ1), . . . , (dn, ψn)
JψK(ξ) =

∑
i∈[n] 1L(ψi )(ξ) � di

t(∀x .ψ)
=
∑

X1
. . .
∑

Xn(
∀x .(

∧
i∈[n](x ∈ Xi )⇔ ψi )

)
.H(ω)

ω(σ,U) = valtopdU
(k)

dU =
∑

i∈[n]
Xi∈U

di

16 / 19



Tree Valuation MSO  Multioperator Expressions

t(∃x .([root(x)∧ 2]∨ 5))

=
∑

x(t([root(x)∧ 2]∨ 5))

=
∑

x(t(root(x)∧ 2) + t(5))

=
∑

x((root(x) . t(2)) + t(5))

For every d ∈ D:

t(d) simulates the automaton Nd

recognizing d for any input

t(∀x .ψ):
step(ψ) = (d1, ψ1), . . . , (dn, ψn)
JψK(ξ) =

∑
i∈[n] 1L(ψi )(ξ) � di

t(∀x .ψ)
=
∑

X1
. . .
∑

Xn(
∀x .(

∧
i∈[n](x ∈ Xi )⇔ ψi )

)
.H(ω)

ω(σ,U) = valtopdU
(k)

dU =
∑

i∈[n]
Xi∈U

di

16 / 19



Tree Valuation MSO  Multioperator Expressions

t(∃x .([root(x)∧ 2]∨ 5))

=
∑

x(t([root(x)∧ 2]∨ 5))

=
∑

x(t(root(x)∧ 2) + t(5))

=
∑

x((root(x) . t(2)) + t(5))

For every d ∈ D:

t(d) simulates the automaton Nd

recognizing d for any input

t(∀x .ψ):

step(ψ) = (d1, ψ1), . . . , (dn, ψn)
JψK(ξ) =

∑
i∈[n] 1L(ψi )(ξ) � di

t(∀x .ψ)
=
∑

X1
. . .
∑

Xn(
∀x .(

∧
i∈[n](x ∈ Xi )⇔ ψi )

)
.H(ω)

ω(σ,U) = valtopdU
(k)

dU =
∑

i∈[n]
Xi∈U

di

16 / 19



Tree Valuation MSO  Multioperator Expressions

t(∃x .([root(x)∧ 2]∨ 5))

=
∑

x(t([root(x)∧ 2]∨ 5))

=
∑

x(t(root(x)∧ 2) + t(5))

=
∑

x((root(x) . t(2)) + t(5))

For every d ∈ D:

t(d) simulates the automaton Nd

recognizing d for any input

t(∀x .ψ):
step(ψ) = (d1, ψ1), . . . , (dn, ψn)

JψK(ξ) =
∑

i∈[n] 1L(ψi )(ξ) � di

t(∀x .ψ)
=
∑

X1
. . .
∑

Xn(
∀x .(

∧
i∈[n](x ∈ Xi )⇔ ψi )

)
.H(ω)

ω(σ,U) = valtopdU
(k)

dU =
∑

i∈[n]
Xi∈U

di

16 / 19



Tree Valuation MSO  Multioperator Expressions

t(∃x .([root(x)∧ 2]∨ 5))

=
∑

x(t([root(x)∧ 2]∨ 5))

=
∑

x(t(root(x)∧ 2) + t(5))

=
∑

x((root(x) . t(2)) + t(5))

For every d ∈ D:

t(d) simulates the automaton Nd

recognizing d for any input

t(∀x .ψ):
step(ψ) = (d1, ψ1), . . . , (dn, ψn)
JψK(ξ) =

∑
i∈[n] 1L(ψi )(ξ) � di

t(∀x .ψ)
=
∑

X1
. . .
∑

Xn(
∀x .(

∧
i∈[n](x ∈ Xi )⇔ ψi )

)
.H(ω)

ω(σ,U) = valtopdU
(k)

dU =
∑

i∈[n]
Xi∈U

di

16 / 19



Tree Valuation MSO  Multioperator Expressions

t(∃x .([root(x)∧ 2]∨ 5))

=
∑

x(t([root(x)∧ 2]∨ 5))

=
∑

x(t(root(x)∧ 2) + t(5))

=
∑

x((root(x) . t(2)) + t(5))

For every d ∈ D:

t(d) simulates the automaton Nd

recognizing d for any input

t(∀x .ψ):
step(ψ) = (d1, ψ1), . . . , (dn, ψn)
JψK(ξ) =

∑
i∈[n] 1L(ψi )(ξ) � di

t(∀x .ψ)

=
∑

X1
. . .
∑

Xn(
∀x .(

∧
i∈[n](x ∈ Xi )⇔ ψi )

)
.H(ω)

ω(σ,U) = valtopdU
(k)

dU =
∑

i∈[n]
Xi∈U

di

16 / 19



Tree Valuation MSO  Multioperator Expressions

t(∃x .([root(x)∧ 2]∨ 5))

=
∑

x(t([root(x)∧ 2]∨ 5))

=
∑

x(t(root(x)∧ 2) + t(5))

=
∑

x((root(x) . t(2)) + t(5))

For every d ∈ D:

t(d) simulates the automaton Nd

recognizing d for any input

t(∀x .ψ):
step(ψ) = (d1, ψ1), . . . , (dn, ψn)
JψK(ξ) =

∑
i∈[n] 1L(ψi )(ξ) � di

t(∀x .ψ)
=
∑

X1
. . .
∑

Xn

(
∀x .(

∧
i∈[n](x ∈ Xi )⇔ ψi )

)
.H(ω)

ω(σ,U) = valtopdU
(k)

dU =
∑

i∈[n]
Xi∈U

di

16 / 19



Tree Valuation MSO  Multioperator Expressions

t(∃x .([root(x)∧ 2]∨ 5))

=
∑

x(t([root(x)∧ 2]∨ 5))

=
∑

x(t(root(x)∧ 2) + t(5))

=
∑

x((root(x) . t(2)) + t(5))

For every d ∈ D:

t(d) simulates the automaton Nd

recognizing d for any input

t(∀x .ψ):
step(ψ) = (d1, ψ1), . . . , (dn, ψn)
JψK(ξ) =

∑
i∈[n] 1L(ψi )(ξ) � di

t(∀x .ψ)
=
∑

X1
. . .
∑

Xn(
∀x .(

∧
i∈[n](x ∈ Xi )⇔ ψi )

)

.H(ω)

ω(σ,U) = valtopdU
(k)

dU =
∑

i∈[n]
Xi∈U

di

16 / 19



Tree Valuation MSO  Multioperator Expressions

t(∃x .([root(x)∧ 2]∨ 5))

=
∑

x(t([root(x)∧ 2]∨ 5))

=
∑

x(t(root(x)∧ 2) + t(5))

=
∑

x((root(x) . t(2)) + t(5))

For every d ∈ D:

t(d) simulates the automaton Nd

recognizing d for any input

t(∀x .ψ):
step(ψ) = (d1, ψ1), . . . , (dn, ψn)
JψK(ξ) =

∑
i∈[n] 1L(ψi )(ξ) � di

t(∀x .ψ)
=
∑

X1
. . .
∑

Xn(
∀x .(

∧
i∈[n](x ∈ Xi )⇔ ψi )

)
.H(ω)

ω(σ,U) = valtopdU
(k)

dU =
∑

i∈[n]
Xi∈U

di

16 / 19



Tree Valuation MSO  Multioperator Expressions

t(∃x .([root(x)∧ 2]∨ 5))

=
∑

x(t([root(x)∧ 2]∨ 5))

=
∑

x(t(root(x)∧ 2) + t(5))

=
∑

x((root(x) . t(2)) + t(5))

For every d ∈ D:

t(d) simulates the automaton Nd

recognizing d for any input

t(∀x .ψ):
step(ψ) = (d1, ψ1), . . . , (dn, ψn)
JψK(ξ) =

∑
i∈[n] 1L(ψi )(ξ) � di

t(∀x .ψ)
=
∑

X1
. . .
∑

Xn(
∀x .(

∧
i∈[n](x ∈ Xi )⇔ ψi )

)
.H(ω)

ω(σ,U) = valtopdU
(k)

dU =
∑

i∈[n]
Xi∈U

di

16 / 19



Tree Valuation MSO  Multioperator Expressions

t(∃x .([root(x)∧ 2]∨ 5))

=
∑

x(t([root(x)∧ 2]∨ 5))

=
∑

x(t(root(x)∧ 2) + t(5))

=
∑

x((root(x) . t(2)) + t(5))

For every d ∈ D:

t(d) simulates the automaton Nd

recognizing d for any input

t(∀x .ψ):
step(ψ) = (d1, ψ1), . . . , (dn, ψn)
JψK(ξ) =

∑
i∈[n] 1L(ψi )(ξ) � di

t(∀x .ψ)
=
∑

X1
. . .
∑

Xn(
∀x .(

∧
i∈[n](x ∈ Xi )⇔ ψi )

)
.H(ω)

ω(σ,U) = valtopdU
(k)

dU =
∑

i∈[n]
Xi∈U

di

16 / 19



Theorem

For every regular product tv-monoid D = (D,+, �, 0, 1,Val)

m-monoid A = (A,⊕, 0,Ω)

tv-wta Rec(Σ,D) Def(Σ,D) tv-mso formulas

m-wta π2
1(Rec(Σ,AD)) π2

1(Def(Σ,AD)) m-expressions

[DGMM11]

[FSV12]

J·K

J·K

t(·) t(·)

J·K

J·K
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Rec(Σ,X ): class of recognizable weighted tree languages over X
Def(Σ,X ): class of definable weighted tree languages over X
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Related Work

I Transformations for different logic restrictions
I simplifies constructions for some cases

I Simulation of M-Languages by TV-Languages
I based on [Droste, Götze, Märcker, Meinecke (2011)]

I no equality, i.e. Rec(Σ,A) ⊂ Rec(Σ,DA)
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Multioperator Expressions  Tree Valuation MSO

I t(H(ω)) = ∀x .ψH(ω), where ω(σ,U) = valtopd
(k)

ψH(ω) =
∨

σ∈Σ

∨
V1⊆U1

∨
V2⊆U2

ψvalue
σ,V1,V2,ω

ψvalue
σ,V1,V2,ω = ψlabel

σ,V1,V2
∧ d (σ,V1∪V2)

ψlabel
σ,V1,V2

= labelσ(x)∧
∧

v∈V1

x = v ∧
∧

v∈U1\V1

x 6= v

∧
∧

X∈V2

x ∈ X ∧
∧

X∈U2\V2

x /∈ X

I t(e1 + e2) = t(e1)∨ t(e2),

I t(
∑

xe
′) = ∃x .t(e ′),

I t(
∑

X e
′) = ∃X .t(e ′), and

I t(ϕ. e ′) = ϕ∧ t(e ′).
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∧

v∈V1

x = v ∧
∧

v∈U1\V1

x 6= v

∧
∧

X∈V2

x ∈ X ∧
∧

X∈U2\V2

x /∈ X

I t(e1 + e2) = t(e1)∨ t(e2),

I t(
∑

xe
′) = ∃x .t(e ′),

I t(
∑

X e
′) = ∃X .t(e ′), and

I t(ϕ. e ′) = ϕ∧ t(e ′).

20 / 19



Multioperator Expressions  Tree Valuation MSO

I t(H(ω)) = ∀x .ψH(ω), where ω(σ,U) = valtopd
(k)

ψH(ω) =
∨

σ∈Σ

∨
V1⊆U1

∨
V2⊆U2

ψvalue
σ,V1,V2,ω

ψvalue
σ,V1,V2,ω = ψlabel

σ,V1,V2
∧ d (σ,V1∪V2)

ψlabel
σ,V1,V2

= labelσ(x)∧
∧

v∈V1

x = v ∧
∧

v∈U1\V1

x 6= v

∧
∧

X∈V2

x ∈ X ∧
∧

X∈U2\V2

x /∈ X

I t(e1 + e2) = t(e1)∨ t(e2),

I t(
∑

xe
′) = ∃x .t(e ′),

I t(
∑

X e
′) = ∃X .t(e ′), and

I t(ϕ. e ′) = ϕ∧ t(e ′).

20 / 19



Tree Valuation MSO  Multioperator Expressions

I Boolean formula β: t(β) = β . t(1).

I d ∈ D: simulates automaton that recognizes d for any input.

I t(ϕ1 ∨ϕ2) = t(ϕ1) + t(ϕ2).
I ϕ = ϕ1 ∧ϕ2 is strongly ∧ -restricted:

I ϕ1 (or ϕ2) Boolean: t(ϕ1 ∧ϕ2) = ϕ1 . t(ϕ2)
I ϕ1 and ϕ2 almost Boolean, i.e. step(ϕi ) = (ai1, ψ

i
1) . . . (ain, ψ

i
n)

then t(ϕ1 ∧ϕ2) =
∑+

i∈[n]
j∈[m]

(ψ1
i ∧ψ2

j ) . t
(
a1
i � a2

j

)
I t(∃x .ψ) =

∑
x t(ψ)

I t(∃X .ψ) =
∑

X t(ψ)

I ϕ = ∀x .ψ is ∀-restricted: ψ almost Boolean, i.e.
step(ψ) = (d1, ψ1) . . . (dn, ψn). Let U = {X1, . . . ,Xn} and
(ωψ)(σ,U) = valtopdU

(k) where dU =
∑

i∈[n]
Xi∈U

di

t(∀x .ψ) =
∑

X1
. . .
∑

Xn

(
∀x .(

∧
i∈[n]

(x ∈ Xi )⇔ψi )
)
.H(ωψ)
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The Automaton Nd

I Runs of the automaton are simulated by a partition of
variables Xq1...qk ,σ,q representing the transition taken at each
position.

I ϕpartition checks for a valid run representation

I ϕfinal = ∀z .
(
root(z)⇒

∧
Xq1...qk ,σ,q

q/∈F
(z /∈ Xq1...qk ,σ,q)

)
I We construct: t(d) =

∑
X1
. . .
∑

Xn
(ϕpartition ∧ϕfinal) .H(ωd)

where (ωd)(σ,{Xq1...qk ,σ,q
}) = valtopµσ(q1...qk ,q)
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