Main theorems

Theorem 3.3.5 There exists an algorithm that solves the following decision
problem:
input: 1. an alphabet X,

2. a basis algorithm of an effective and monotone ¥-ACM A’,

3. the set of final states F’ of A,

4. a finite basis of (Q., C.), and an algorithm to decide C, for ¢ € X.
output: Is L(A') empty?

Corollary 3.3.6 Let A be a monotone and effective _-ACM. Then the set L(.A)
is recursive.

Theorem 4.1.7 Let X be an alphabet with at least two letters. Then there is
no algorithm that on input of a ¥-ACA A decides whether it accepts all ¥-dags,
i.e. whether L(A) = D.

Corollary 4.1.8 Let X be an alphabet with at least two letters. Then the
equivalence of X-ACAs, i.e. the question whether L(A;) = L(A,), is undecidable.

Theorem 4.1.10 Let X be an alphabet with at least two letters. Then there is

no algorithm that on input of a ¥-ACA A decides any of the following questions:
1. IsD\ L(A) recognizable?
2. Is A equivalent with some deterministic 3-ACA?

Theorem 5.1.1 Let A be a possibly nondeterministic 3-ACA. There exists a
monadic sentence ¢ over ¥ such that L(A) ={t €D |t = p}.

Theorem 5.2.10 Let ¢ be a monadic sentence and let £ € N. Then there exists
a X-ACA A such that L(A) = {t € Dy | t E ¢}.

Theorem 6.1.5 Let L C SP(X) be a width-bounded sp-language. Then L can
be accepted by a branching automaton iff it is monadically axiomatizable.

Corollary 6.1.8 Let B be a branching automaton. Then there exists a ¥-ACA
A such that Ha(L(B)) N D = L(A).
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Corollary 6.1.6 Let A be a 3-ACA. Then there exists a branching automaton
B such that Ha(L(B)) = L(A) N Ha(SP(X)).

Theorem 6.2.1 Let B be a P-asynchronous automaton over X. Then there exists
a X-ACA A with Ha(L(B)) = L(A).

Theorem 8.2.10 Let T be a finite set and F a set of equations of the form
ab = cd with a,b,c,d € T. Let ~ be the least congruence on 7™ containing E.
Then M := T*/~ is a divisibility monoid if and only if (i)-(iii) hold for any
a,b,c, b/, €T:

(i)  ((a-b-c¢), <) is a distributive lattice,

(i) a-b-c=a-b-dorb-c-a=b-c-aimpliesb-c="¥"-¢, and

(i) a-b=d-V,a-c=d - and a # o imply b = c.
Furthermore, each divisibility monoid arises this way.

Theorem 9.1.8 Let (M, -, 1) be a divisibility monoid with finitely many residuum
functions. Let X C T* be recognizable and of finite rink. Then nat(X) is
recognizable in M.

Theorem 9.2.8 Let (M, -, 1) be a divisibility monoid with finitely many residuum
functions. Let L C M be c-rational. Then L is recognizable.

Theorem 9.3.8 Let (M,-,1,p) be a labeled divisibility monoid finitely many
residuum functions. Let L C M. Then the following are equivalent:

1. L is recognizable

2. L is c-rational

3. L is mc-rational.

Theorem 10.2.8 Let (M, -, 1) be a divisibility monoid with finitely many residuum
functions. Then the following are equivalent,

1. M is width-bounded,

2. M is rational, and

3. any set L C M is rational iff it is recognizable.

Theorem 11.1.3 Let (M,-,1) be a divisibility monoid finitely many residuum
functions. Then the monadic theory MTh({(J({m), <) | m € M}) is decidable.

Theorem 11.1.4 Let (3, D) be a finite dependence alphabet. Then the monadic
theory of (J(M(3X, D)), <) is decidable iff D is transitive.

Theorem 11.1.9 Let (M, -, 1) be a divisibility monoid withfinitely many residuum
functions. Then the monadic theory MTh{({m, <) | m € M} is decidable iff M
is width-bounded.

Theorem 11.2.2 Let B be a set of partially ordered sets of uniformly bounded
width. Then Th(H;(*B)) can be reduced to Th() in linear time.
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Theorem 11.2.10 Let B be a set of partially ordered sets whose diabolo width
is uniformly bounded. Then MTh(H/(*B)) can be reduced to MTh(*) in linear

time.
Corollary 11.3.1 Let £ be a set of finite distributive lattices.

1. The following are equivalent:

(i) The monadic theory MTh(£) is decidable.
(ii) The monadic chain theory MCTh(£) is decidable.

(iii) the monadic theory MTh(J(£)) is decidable and the width of the ele-
ments of £ is bounded above.

(iv) the monadic chain theory MCTh(J(£)) is decidable and the width of
the elements of £ is bounded above.

2. The monadic antichain theory MATh(£) is decidable if and only if the
elementary theory Th(J(£)) is decidable and the width of the elements of
£ is bounded above.



Open problems

In the introduction, I explained that the two faces of Mazurkiewicz traces (de-
pendence graphs and free partially commutative monoids) are the bases for their
rich theory. In this work, I tried to consider these two facets separately which
lead to the results on ¥-dags and asynchronous cellular automata on the one
hand, and on recognizable and rational languages in divisibility monoids on the
other hand. The general question whether these two lines can be merged again
was posed by Wolfgang Thomas.

We list some more specific questions that are left open in the present work.
For more details see the page indicated.

Is the emptiness of L(A) for nonmonotone but effective asynchronous cel-
lular machines decidable (page 41)7 Furthermore, we did not consider the
complexity of the emptiness problem for asynchronous cellular machines or
automata.

Is it decidable whether an asynchronous cellular machine accepts some
Hasse-diagram (page 41)?

For which sets of ¥-dags L is the set of ©-ACAs A with L(A) = L recursive
(page 54)7

Is any complementable X-ACA equivalent to a deterministic ACA? (page
56)?

Let £ € N. Is the set of X-ACAs A satisfying L(A) "Dy, = L(Az) N Dy for
some deterministic 3-ACA A, recursive (page 69)7

Is there an extension of the monadic second order logic that allows one to
axiomatize precisely the rational sp-languages (page 73)?

Does there exist a divisibility monoid with infinitely many residuum func-
tions (page 88)7 If this is the case, is the property to have finitely many
residuum functions decidable on input of a presentation as in Theorem
8.2.107
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e Is it possible to find finitely many sets €, in a divisibility monoid such
that rational sets where the iteration is applied to subsets of C, only are
recognizable (page 113)7

e We showed that any rational divisibility monoid with finitely many residuum
functionsis width-bounded. Is this implication valid without the assump-
tion “finitely many residuum functions” (if there exists a divisibility monoid
with infinitely many residuum functions at all, page 129)?

e Is the property to be width-bounded (i.e. to satisfy Kleene’s Theorem)
decidable on input of a presentation as in Theorem 8.2.107
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join-irreducible, 3 rational language, 82

join-semilattice, 3 reading domain, 11
recognizable language, 82

Kleene’s Theorem, 82 relation

definable, 7
relation defined by ¢, 7
residuum, 85
residuum function, 86
run, 14

language
weakly rational sp-, 72
closed word, 111
rational sp-, 72
series-rational sp-, 72
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" condition, 13
successful, 14

sentence, 6

spine, 61

strongly equivalent, 100
subgrid, 107

supremum, 3

theory
elementary, 6
monadic, 6
monadic antichain, 7
monadic chain, 7
trace alphabet, 4
trace monoid, 5

transition
fork, 71
join, 71

sequential, 71
transposed, 3
tree width, 136

well quasi order, 1
well-structured transition system, 20
width, 3
-bounded, 123
wqo, 1
WSTS, 20



