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Abstract. We present a general deterministic linear space reduction from priority queues to sorting
implying that if we can sort up to n keys in S(n) time per key, then there is a priority queue supporting
delete and insert in O(S(n)) time and find-min in constant time. Conversely, a priority queue can
trivially be used for sorting: first insert all keys to be sorted, then extract them in sorted order by
repeatedly deleting the minimum. Asymptotically, this settles the complexity of priority queues in
terms of that of sorting.

Previously, at SODA’96, such a result was presented by the author for the special case of monotone
priority queues where the minimum is not allowed to decrease.

Besides nailing down the complexity of priority queues to that of sorting, and vice versa, our result
yields several improved bounds for linear space integer priority queues with find-min in constant time:

Deterministically. We get O(loglogn) update time using a sorting algorithm of Han from
STOC’02. This improves the O((loglogn)(logloglogn)) update time of Han from SODA’01.

Randomized. We get O(4/loglogn) expected update time using a randomized sorting algorithm
of Han and Thorup from FOCS’02. This improves the O (loglog n) expected update time of Thorup
from SODA’96.

Deterministically in AC® (without multiplication). For any ¢ > 0, we get O((loglogn)'**) up-
date time using an AC® sorting algorithm of Han and Thorup from FOCS’02. This improves the
O ((loglog n)?) update time of Thorup from SODA’98.

Randomized in AC°. We get O (loglog n) expected update time using a randomized AC® sorting
algorithm of Thorup from SODA’97. This improves the O((loglogn)'**) expected update time of
Thorup also from SODA’97.

The above bounds assume that each integer is stored in a single word and that word operations
take unit time as in the word RAM.
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1. Introduction

A priority queue is a data structure maintaining the minimum (or maximum) of a
dynamic ordered set of keys. Updates may insert and delete keys. The minimum
key is returned by a find-min operation. Formally, a key is a unique element with
an associated value. Internally, the priority queue data structure may associate
additional information such as pointers with a key. Such information is often used
when a key is deleted.

A priority queue is one of the fundamental data structures for dynamic ordered
sets [Cormen et al. 2001, pp. 138—141]. They are used both directly, for example,
in operating systems to schedule jobs on a shared computer, and as subroutines in
greedy algorithms such as Dijkstra’s single source shortest path algorithm [Dijkstra
1959] (see also Cormen et al. [2001, pp. 595-599]) and Prim’s minimum spanning
tree algorithm [Prim 1957] (see also Cormen et al. [2001, pp. 570-573]).

In this article, we show that priority queues are computationally equivalent to
sorting, that is, asymptotically, the per key cost of sorting is the update time of
a priority queue. This equivalence is immediate if keys can only be accessed via
comparisons, for then we know that sorting takes ®(n log n) time while a priority
queue needs ®(log n) time per update.'

On computers, however, integers and floating point numbers are the most com-
mon ordered data types. For such data types, represented as lexicographically or-
dered bitstrings, we can apply classical non-comparison-based techniques such as
radix sort and hashing. Historically, radix sort dates back at least to 1929 [Comrie
1929-1930] and hashing dates back at least to 1956 [Dumey 1956], whereas the
focus on general comparison-based methods only dates back to 1959 [Ford and
Johnson 1959]. For integers, we have known since 1990 [Fredman and Willard
1993] that the comparison based bounds were not tight, but we do not know the
inherent complexity of integer sorting and priority queues. This is where our equiv-
alence between the two problems becomes interesting.

Clearly, we can sort with a priority queue as a black box: first we insert all keys
to be sorted in the priority queue, and then we extract them in sorted order by
repeatedly deleting the minimum. We show here that the converse is also possible.
As areduction from priority queues to sorting, we present a priority queue that uses
a sorting routine as a black box, supporting each update in essentially the same time
as the sorting routine uses per key it is called on.

Our reduction is nontrivial, making multiple calls to the sorting black box
with different subsets of the keys in the priority queue. The quality of the re-
duction depends on the power of the computational model it is implemented
on.

"We follow here the convention that logarithms are base 2 unless otherwise stated, and that 7 is the
number of keys involved.
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1.1. THE WORD RAM. As our most powerful model of computation, we con-
sider the word RAM that reflects what we can program in standard imperative
programming languages such as C [Kernighan and Ritchie 1988]. The memory is
divided into addressable words of bit length w. Addresses are themselves contained
in words, so w > logn. Moreover, we have a constant number of registers, each
with capacity for one word. The basic instructions are: conditional jumps, direct
and indirect addressing for loading and storing words in registers. Moreover we
have some computational instructions, such as comparisons, addition, and multi-
plication, for manipulating words in registers. We are only considering instructions
available in C, and refer to these as standard instructions. For contrast, on the
low level, different processors have quite different computational instructions. Our
RAM algorithms can be implemented in C-code which in turn can be compiled to
run on all these processors.

The space complexity of our RAM algorithms is the maximal memory address
used, and the time complexity is the number of instructions performed. All keys
are assumed to be integers represented as binary strings, each fitting in one word.
Integers occupying a constant number of words can be handled within the same
asymptotic time bounds. An important feature of the RAM is that it can use keys to
compute addresses, as opposed to comparison-based models of computation. This
feature is commonly used in practice, for example in bucket or radix sort.

The restriction to integers is not as severe as it may seem. Floating point num-
bers, for example, are sorted correctly simply by perceiving their bit-string rep-
resentation as representing an integer. Another example of the power of integer
ordering is fractions of two one-word integers. Here, we get the right ordering
if we carry out the division with floating point numbers with 2w bits of preci-
sion, and then just perceive the result as a double word integer. These examples
illustrate how the integer ordering can capture many seemingly different types of
orderings.

THEOREM 1.1. If for some nondecreasing function S, we can sortup to n integer
keys in S(n) time per key, we can implement an integer priority queue supporting
find-min in constant time, and updates, that is, insert and delete, in O (S(n)) time.
Here n is the current number of keys in the queue. The reduction uses linear space so
if the sorting uses linear space, so does the resulting priority queue. The reduction
assumes a word RAM where each integer is contained in a single word.

The author has previously presented a reduction of the above format [Thorup
2000], but where the resulting priority queue was monotone, meaning that the
minimum had to be non-decreasing. This is an interesting special case, sufficing
for applications such as Dijkstra’s single source shortest path algorithm [Dijkstra
1959], but it doesn’t work for other application such as Prim’s minimum spanning
tree algorithm [Prim 1957]. More importantly, monotonicity is not satisfied in
direct applications of priority queues, say, for task scheduling in operating systems.
Furthermore, the monotone priority queues from Thorup [2000] only had amortized
time bounds as opposed to our worst-case bounds.

The main implication of Theorem 1.1 is that we can regard the complexity of
basic integer priority queues as settled, and just focus on establishing the complexity
of integer sorting. However, the reduction also provides some concrete new bounds
for linear space integer priority queues with find-min in constant time:
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Deterministically, we get O(loglogn) update time using a sorting algorithm of
Han [2004]. This improves the O((loglogn)(logloglogn)) update time of Han
[2001]

Randomized, we get O (\/loglog n) expected update time using a randomized sort-
ing algorithm of Han and Thorup [2002]. This improves O (loglog n) expected
update time of Thorup [2000].

Our reduction is also interesting from a lower-bound perspective, for if we could
prove any super-constant lower-bound for priority queues, then Theorem 1.2 would
imply a corresponding super-linear lower bound for sorting.

Researchers have been successful in finding tight lower-bounds for many dy-
namic data structure problems. For example, for union-find, we know that n
unions and m finds take ®(ma(m,n)) time [Tarjan 1975; Fredman and Saks
1989], dynamic predecessor searching takes ®(4/logn/loglogn) time per opera-
tion [Beame and Fich 2002; Andersson and Thorup 2007], and dynamic rank takes
O(logn/loglogn) per operation [Fredman and Willard 1993; Fredman and Saks
1989]. From this perspective, one could hope for at least some lower-bound success
for priority queues, and thereby for sorting.

Depending on mood, our equivalence can thus be viewed optimistically as open-
ing a new venue for proving lower bounds for sorting via priority queue, or pes-
simistically, as saying that we can’t hope to find super-constant lower-bounds for
priority queues because we are clueless how to find super-linear lower-bounds for
off-line problems like sorting.

The reduction of Theorem 1.1 uses Fredman and Willard’s [1994] atomic heaps
that besides being very complicated, use multiplication which is not in AC°. This
issue will be addressed in the next subsection.

1.2. A RECURSIVE REDUCTION FOR WEAK MACHINES. We will now introduce
a somewhat weaker recursive reduction using a much less powerful model of
computation.

The computational instructions will all be AC? operations, meaning that they
can be implemented by an w?_sized constant depth circuit with O(w) input
and output bits. In the circuit we may have negation, and-gates, and or-gates with
unbounded fan-in. Addition, shift, and bit-wise Boolean operations are all ACP
operations. Multiplication, on the other hand, is not an ACY operation. As above,
we restrict ourselves to standard AC® operations available in C.

The recursive reduction will only access keys via constant time comparisons and
the sorting black-box. Thus, if the sorting black-box is comparison-based, then so
is the resulting priority queue. We can thus get a comparison-based priority queue
with O (log n) update time directly from an O (n log n) sorting routine.

Finally, the recursive reduction will not do any manipulation of addresses. This
means that the reduction itself can be implemented on a simple pointer machine.

We are now ready to state the result provided by our recursive reduction.

THEOREM 1.2. [f, for some nondecreasing function S, we can sort up to n keys
in S(n) time per key, we can implement a priority queue supporting find-min in
constant time and updates in T (n) time where n is the current number of keys in
the queue and T (n) satisfies the recurrence:

T'(n) = O(S(n)) + T(O(logn)). o))
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The reduction can be implemented in linear space using standard AC° instructions
only, and it works on a comparison-based pointer machine.

For contrast to (1), we note that the exponential priority queue trees of Andersson
and Thorup [2007] imply that

T(n) = O(S(n)) + T (n*"). 2)

As an example, with Thorup’s O (n loglog ) randomized AC? sorting algorithm
[Thorup 2002], we have S(n) = O(loglogn). Inserting this in (2), we would
only get an expected update time of O((loglogn)?) whereas we with (1) we get
O (loglog n). In fact, with (1), we get an update time of O(S(n)) as long as § is a
constantly iterated logarithm. If one day we discover how to sort in linear time with
S(n) = O(1), then (2) gives a priority queue update time of O(loglogn) whereas
(1) gives an update time of O(log* n). Recall here that using multiplication as in
Theorem 1.1, we would get constant update time from linear time sorting.

Using Theorem 1.2, we get the following AC° bounds for linear space integer
priority queues with find-min in constant time:

Deterministically in AC, for any constant ¢ > 0, we get O((loglogn)'*™#) update
time using an AC? sorting algorithm of Han and Thorup [2002]. This improves
the O((loglog n)?) update time of Thorup [1998].

Randomized in AC° we get O (loglog n) expected update time using a randomized
AC? sorting algorithm of Thorup [2002]. This improves the AC® expected update
time of O ((log log n)!#) of Thorup [2002].

1.3. NONSTANDARD AC? OPERATIONS. So far, we have restricted ourselves to
standard operations available in C. However, Andersson et al. [1999] have argued
that if we are allowed to design our own AC? operations, then we can implement
data structures such as Fredman and Willard’s [1994] atomic heaps using AC°
operations only. This implies that we can implement a priority queue with capacity
for ®(4/log n) keys in constant time per operation. We get down to this base case
if we apply the recurrence (1) from Theorem 1.2 twice, and then the overall update
time is O(S(n)), just as in Theorem 1.1 but with nonstandard AC® operations
instead of standard non-AC® operations such as multiplication. Thorup [2003a,
2003b] have shown that the nonstandard AC® operations needed for atomic heaps
are often directly available in modern multimedia processors, hence that an AC?
implementation with update time O (S(n)) may fully possible.

1.4. FURTHER REDUCTIONS FOR CONSTANT TIME INSERT AND MELD
OPERATIONS. Some further reductions should be mentioned, allowing us to get
even more powerful priority queues out of sorting. First, a simple observation of
Alstrup et al. [2005] shows that if we have a priority queue doing all updates in 7' (n)
time, then we can actually implement a priority queue with insert in constant time
and delete in O(T (n)) time. Using this, we can reduce the insert time to constant
in all the above mentioned deterministic integer priority queues. In the randomized
cases, the insert time becomes expected constant time.

Another reduction of Mendelson et al. [2006] shows that if we have a family of
priority queues like those described above, then we can meld any two of them in
constant amortized time. The time bounds for the other operations are not increased
asymptotically, but the update times do become amortized.
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To illustrate the power of the chain of reductions, starting with the O (n+/log log n)
randomized sorting algorithm of Han and Thorup [2002], we get a family of priority
queues supporting find-min in constant time, insert and meld in constant expected
amortized time, and delete in O (4/loglog n) expected amortized time.

2. Amortized Priority Queues

In this section, we will prove a simpler amortized version first of Theorem 1.1, and
later of Theorem 1.2. We will construct a priority queue with capacity for up to n
keys. The actual number of keys is assumed to be 2(n). If we can sort up to n keys in
S(n) time per key, the priority queue will support each update in O (S(n)) amortized
time. To get a variable sized priority queue, we can rebuild the queue with twice the
capacity whenever it gets full, and with half the capacity whenever it is 3/4 empty.
This does not affect the asymptotic time bounds. We assume that n > 16.

We will assume that all key values are distinct. This can always be obtained by
viewing the unique identifier of a key as a secondary value breaking ties. We use
—oo and oo to represent values defined as smaller respectively bigger than any
possible key value.

2.1. THE COMPONENTS OF THE PRIORITY QUEUE. The components of our pri-
ority queue are illustrated in Figure 1. The keys in the priority queue will be orga-
nized around auxiliary values called splitters that are not themselves keys, though
they are typically copies of current or former keys. Most keys are contained in

logarithmic-sized disjoint base sets Ag, A1, ..., Ax. The keys in the base sets are
called base keys. The base sets are separated by base splitters so, Si, - . . , Sk, Sk+1
where s) = —00, sx41 = 00, and fori = 1,...,k, max A;_; < s; < min A;. The

base sets are thus sorted relative to each other and the base splitters, but they are
not required to be internally sorted. Concerning the exact size of the base sets, we
define ® = O(log ) as the smallest number bigger than log n that is, divisible by
12. We will have ®/4 < |A;| < ® foreachi < k and |A;] < ©. We refer to the
first base set Ay as the head, and it should always contain the minimum key in the
priority queue.

A logarithmic number of base splitters are promoted as level splitters ty, ty, ...tyy1
where ¢ = O(logn), ty = sp = —oo and ty1] = s+ = 00. The level splitters
are required to be increasing and exponentially spread with around 4/ ® base keys
below ¢;. More precisely, we have £ = [log,(n/®)] and

(i) For j =1,..., ¢, there are more than 5 4/ ® base keys below ¢; if 1; < co.

(i) For j =1, ..., ¢, there are less than % 47 ® keys below t.
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Note that the lower bound in (i) only counts base keys while the upper bound in
(i1) counts all keys. The two conditions together imply that the finite level splitters
are strictly increasing. If the number of keys is smaller than 7, we may have several
infinite level splitters in the end.

In the text, we will sometimes refer to level splitter ¢; as the level j splitter. This
kind of terminology will become convenient when we later talk about other types
of things associated with levels such as background processes in the worst-case
construction.

For j =1,..., ¢, we have a level j buffer B; with at most 4J keys. We require:

(iii) All'keysin B; arein [z, t;12). Here ty45 =ty = o0.

The keys in the buffers are called buffer keys. All keys in our priority queue are
either base keys or buffer keys. The splitters are not themselves stored keys, though
they may be copies of such keys.

LEMMA 2.1. [f(i) and (iii) are satisfied, the minimum key is in the head.

PROOF. From (i) it follows that there are base keys below #; and from (iii) it
follows that there are no buffer keys before 7. Hence, the minimum must be found
in the first base set, that is, the head. [

2.2. REPRESENTING THE COMPONENTS. To represent some of the above com-
ponents, we will employ the atomic heaps of Fredman and Willard [1994]. These
can support updates and searches in sets of O(log?n) size in constant time (in
Fredman and Willard [1994], they are only described as having amortized time
bounds, but as pointed out by Willard [2000], the time bounds can be made worst-
case by background rebuilding). Here, by searching an element y in a set X, we
mean finding the largest x € X with x < y. The atomic heap can also report its min-
imum key in constant time. The atomic heaps will later be bypassed in Sections 2.9
and 2.10.

The different components are stored as follows:

—Identifiers i of the base sets are stored in sorted order in a doubly linked list.
These identifiers are not integers, but using the pointers from i, we can always
find the previous and next identifier, denoted i — 1 and i + 1, respectively. With
the identifier / we associate the base splitter s; so in effect this gives us the sorted
list of base splitters. We also store a pointer to the base set A; described below.

—FEach base set A; is represented as a doubly linked list where each key knows the
identifier i of the base set it is in. The list is not in sorted order. We also store a
counter m; for the number |A;| of keys in A;. Recall from the beginning of the
introduction that a key is a unique element with which we can store pointers such
as list pointers. We can therefore delete and insert keys in the doubly-linked base
sets in constant time.

—Besides being in a doubly linked list, the keys in the head A( are stored in an
atomic heap that provides us the minimum key in constant time.

—LEach buffer B; is stored as a doubly linked list. It has a level j counter q; which
is at least as big as the number of elements in B;.

—The level splitters are stored in an atomic heap, called the pre-searcher.
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2.3. INITIALIZATION. Before describing any updates, we argue that it takes
linear time to initialize our priority queue from a sorted list. First, we divide the
sorted list into base sets of size ®/2, except the last base set which may be smaller.
The keys in the first base set, the head, are placed in an atomic heap.

Next, we scan through the list of base splitters, accumulating counters m; for
each base set A; passed, and identifying level splitters ; with between 4/® and
(47 4 1/2)® base keys below.

We leave all buffers empty, and each level counter g is set to 0. Finally, we place
the level splitters in the atomic heap of the pre-searcher. This completes the linear
time initialization from a sorted list.

The linear time initialization is used for rebuilding and is needed for a later
recursive variant avoiding the use of atomic heaps (cf., Section 2.10).

2.4. INITIAL UPDATES. We are now ready to start describing how updates are
implemented. Recall that delete(x) provides a pointer to the place where x is stored.
Ignoring sizes initially, we can implement delete(x) simply by deleting x from
whatever base set or buffer it resides in. If x was in a base set A;, we also decrement
m;.

As our initial implementation of insert(x), we first check whether x is smaller
than the first level splitter #,. In that case, we check against all base splitters be-
low #; to find the right base set. By (ii), there are at most %4<D base keys below
t1, hence at most %4CI>/ (®/4) = 28 base splitters below ¢#;, so finding the right
base set takes constant time. If x > #;, we use the pre-searcher to find the level j
such that #; < x < t;41, place x in the level j buffer B;, and increment the level j
counter ¢; by one.

After each insert or delete, we may have to move keys around so as to satisfy all
the size constraints from Section 2.1. This is the topic of the next subsections.

2.5. FLUSHING BUFFERS. Recall that the level j counter g; is at least the size
of the level j buffer B;. When g; reaches 4/, we flush buffer B; as follows. First,
we sort B; in O(|B; |S(|B ) = O(|B; |S(n)) time. Next, we merge the sorted B
with the sorted list of base splitters. ThlS will tell us which buffer keys belong i 1n
which base sets. Obviously, the merging stops when we reach a base splitter bigger
than the biggest key from B;. When done with the flushing, we set g; = 0.

LEMMA 2.2. If(ii) and (iii) are satisfied before we flush B ;, then merging takes
O(47) time.

PROOF. We know that |B;| < 4/, so it suffices to prove that we only need to
scan O (4/) base splitters before reaching one bigger than the biggest key in B;. By
(iii), we know that 7, is bigger than the biggest key in B}, and by (ii), we have at
most ZT 472 base keys below 7/, hence at most 47'1 4720 /(D /4) = O(47) base
splitters below 7;>. [

2.6. REBALANCING BASE SETS. As a result of a deletion or the flushing of
a buffers, some base sets may get too big or too small. By joining and splitting
neighboring base sets, it is standard to maintain base sets of size ®(P). Recall that
® is divisible by 12. If a base set gets up to ® keys, we split it around a median
s. The median becomes a new base splitter. Conversely, if a base set gets down to
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®/4 keys, we consider any one of its neighbors. If they have at most % d keys in
total, we join them removing the base splitter between them from the base splitter
list. If they have more than % ® keys, we join them and split them around their
median. Their median replaces the previous base splitter between them.

We note that any base set coming out of a join or split has between 15—2 @ and
% ® keys, so it takes at least é @ new updates before the set will initiate a new
join or split. The join or split is implemented in O(®) time, which is amortized as
constant time per updates to the base sets. This time bound also suffices to update
the atomic heap of the head base set if it participates in a join and split.

In our application, we have to be a little careful about a join for we should not
join over a base splitter that is also a level splitter. However, from (i) and (ii), it
follows that before an update we have more than ® base keys below the first level
splitter and between any two level splitters. If a base set gets down to /4 keys, it
is because of a deletion that removed only one base key. Hence, there must exist a
neighboring base set that is not on the other side of a level splitter. An exception is
a base set after the last finite level splitter, but since we allowed the last base set to
be arbitrarily small, it does not matter if it is alone.

Another issue is that the merging provides a whole list of keys to be inserted in
a base set, and the above argument assumes that keys are inserted one at the time,
splitting whenever a base set gets too big. We solve this by integration with the
merging process as described below.

In the beginning of a merge step, we have a suffix of the sorted list of buffer keys
and a suffix of the sorted list of base splitters. If the next buffer key is smaller than
the next base splitter, we insert it in the preceding base set. If this base set gets too
big, and gets split, we push the new base splitter in front of our remaining base
splitters, and consider this base splitter for the next merge step.

For the analysis, each merge step will either insert the next buffer key in its base
set, or it will skip the next base splitter. Obviously, we have at most |B;| < 4/
insertions of buffer keys. Moreover, when we skip a base splitter, we will never
return to it, and we know that there is at least ®/4 base keys between consecutive
base splitters. We can then apply the analysis from Lemma 2.2 including buffer
keys from B;.

2.7. UPDATING THE LEVEL SPLITTERS. The most interesting problem is how to
update the level splitters so as to maintain ®(4/ ®) keys below t; as detailed in (i)
and (ii). This requires that 7; is reset once for every O (4’ ®) updates to the priority
queue. In addition, we have to maintain (iii) stating that B; C [¢;, #;42). Most of
these conditions will be maintained implicitly via careful scheduling. However, to
maintain min B; > f;, we make sure to always flush B; before changing ¢;. The
condition is then trivially satisfied because B; = ¢.

We will thus link changes to 7; with the flushing of B, resetting ¢; whenever
we have flushed B and rebalanced the base sets. To reset ¢, we then simply scan
through the base splitter list, adding up the counters for the base sets, until we reach
a base splitter s; with 4 ® base keys below or s; = s = co. We then make s; the
new level splitter 7;. Since our scanning adds one base set at the time, we may end
up with up to (4/ + 1)® base keys below ;.

LEMMA 2.3. The scanning for the new level j splitter t; takes O(4) time.
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PROOF. As in the proof of Lemma 2.2, we note that we only spend constant
time for each base set added below 7;, and we add up at most 4/ ®/(®/4) = O(4/)
base sets. [

Note that above time bound for scanning on level j is dominated by the time it
took to sort and flush B; in Section 2.5.

We will now describe the system used to schedule the updates of level splitters
so that 7; is reset once in every O(4/®) updates. The scheduling is based on the
level counters ¢ ;. Currently, g; is incremented every time a key is inserted in B;.
In addition, in round robin fashion, we are going to increment some level counter
g, in connection with each update to the priority queue. Afterward, the index r is
incremented, or setitto 1 if r = £.

Whenever a level counter g ; reaches 47 we flush buffer B j»setqg; = 0, rebalance
the base sets, and scan to reset level splitter ¢; as described above.

LEMMA 2.4. On level j, we flush buffer B; and reset level splitter t; at least
once in every 4/ (®/2 — 1) updates.

PROOF. We increment ¢; at least once for every ¢ updates and ¢ =
logy(n/®)] < (logn)/2 — 1 < ®/2 — 1. The inequalities use that & >
max{4, log n}. Moreover, we flush B; when ¢; reaches 4/ and reset ¢; to 0. [

2.8. ANALYSIS. Forthe correctness of the above priority queue implementation,
we have to prove the following lemma:

LEMMA 2.5. The invariants (i), (i), and (iii) restated below remain satisfied.

(i) For j =1,...,4, there are more than % 47 ® base keys below t; if t; < oo.
(ii) For j =1, ..., ¢, there are less than %4-/d> keys below t;.
(iii) All keys in Bj arein [tj,t;45). Here ty 1o = ty4| = 00.

PROOF. First, we prove (i). When we sat 7; with a scan, we had scanned at
least 4/ ® base keys below ;. Base keys can only be lost because of deletes, and
by Lemma 2.4, we have less than 4/ /2 deletes before #; is reset, so the number
of base keys below 7; remains bigger than 4/® — 4/®/2 > 1 4/®. This settles (i).

Next we show forall j thats; < ;4 if#; < oo, thatis, the finite level splitters are
strictly increasing. This follows because the scan fixes 7; with at most (47 +1)® base
keys below, and above we proved that ¢, | always has at least % 4t > (4 +1)d
keys below.

For the lower bound in (iii), we note that when a key x is inserted in B;, we
have x € [t;,;41). Moreover, B; is flushed just before 7; is changed, so buffer
keys in B; remain at least ;. This establishes the lower bound of (iii). Since the
level splitters are strictly increasing, it follows that the buffers on level j or higher
cannot contain keys below ¢;.

We will now prove (ii). As mentioned above, we set 7; with at most @4 +
1)® base keys below. Additional base keys below 7; can come either from the
current buffers or from new inserts. We just proved that buffers on level j or higher
cannot contain keys below ¢;. Hence, we can bound the number of buffer keys
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below 7; as

Jj=1 j=1

1 .
Byl <) 4" < — 4.
1= 2 <
By Lemma 2.4, the maximal number of new inserts before 7; is reset is at most
4J(®/2 — 1). Thus, the maximal number of keys below 7; is bounded by

4 1 3 7
(4/+1)c1>+§4f+4f(c1>/2—1)<(54f+1>q>514fq>.

The last inequality uses that j > 1. This completes the proof of (i).

Finally, we prove the upper bound in (iii), that is, we show that no key x in B;
can be bigger than 7;,,. By definition x < 00, and we know that there is always at
least % 4/+2® base keys below ¢ j42 1f tj40 < 00. We want to show that there are
less keys below x. We know that when x was inserted, it was smaller than ¢, |, and

above we saw that ;1 had at most (% 4/+1 4 1)® keys below. By Lemma 2.4,

there are less than 4/ ®/2 additional keys inserted before x is flushed from B}, so
the number of keys below x remains bounded by

3 . 13 . 27
(5 4+ 4 1) O +4d)2 < <§ 4t 4 1) P < (E 4/+1c1>) .

This is strictly less than %4j +2¢, as desired, completing the proof of (iii). [
Finally, we conclude the following theorem:

THEOREM 2.6. Using atomic heaps, the above priority queue implements
find-min in constant time and insert and delete in O (S(n)) amortized time.

PROOF. First, we note that the initial cost of the updates is constant. Also,
since each key is inserted and deleted at most once from the base sets, the cost of
rebalancing base sets is constant per key.

The remaining cost relates to the flushing of buffers and scanning for level
splitters. When the level counter ¢, reaches 4/, we first sort the buffer in
O(|B,;|S(|1B])) = O (47 S(n)) time. Next we merge in O (4/) time by Lemma 2.2.
Finally, we scan for the new ¢; in O(4/) time by Lemma 2.3. This adds up to
O(47S(n)) time. However, we also decreases the level j counter q; from 47 t0 0,
so we can charge the time spent as O (S(n)) per increment to a level counter. Since
each update increments at most two level counters by one, this gives us an O (S(n))
amortized cost per update. []

With Theorem 2.6, we have now established Theorem 1.1 with amortized time
bounds.

2.9. BYPASSING THE ATOMIC HEAP IN THE PRE-SEARCHER. As a first step
towards proving an amortized version of Theorem 1.2, we will now show how to
bypass the atomic heap in the pre-searcher. The idea is very simple. Instead of the
atomic heap, we use a pre-search buffer in the pre-searcher to collect a batch of up
to ® keys to be inserted. Once in every ® updates, we sort the keys of this buffer
together with the £ < @ level splitters. The sorting presorts the keys in the sense
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of telling which level buffer each key belongs in. The sorting time is O(® - S(P)),
which amortized over ® updates is O(S(®P)) = O(S(n)) per update. Thus we do
not increase our overall update time.

To fix the details above, we need to prove the following robustness to the ordering
of the level splitters:

LEMMA 2.7. If we consider any period of at most ® updates, then the initial
value of t; is less than the final value of t;,, and the final value of t; is less than
the initial value of t; 4.

PROOF. First, if j = 0, the result is true by definition since () = —o0 < 1.
If j > 0, Lemma 2.5 (ii), there are always less than 47_1 4 @ keys below ¢;, and by

Lemma 2.5 (i), there are always more than % 4/+1® keys below 7 1. Thus we have
a difference of more than
1 7

. 4 1
— YD - 4 o=-4 D>
2 4 4

keys, which would have to be made up for by new updates. []

Now, suppose the sorting places x between ¢; and ;1. We note that x could be
anywhere in the batch of ® keys to be inserted, one by one, and as we insert these
other keys, the level splitters may move. However, by Lemma 2.7, x will remain
between 7;_; and 7;>. Hence, it follows that x belongs in B;_;, B, or B, and we
can determine which by comparing x to #; and ¢, 1. As a special case, if the sorting
places x below t,, we have to check if x < ¢, and if so, insert x directly in the
relevant base set as described in the initial insert in Section 2.4.

A last concern is to prove that the minimum remains in the head as stated in
Lemma 2.1. If a key x is placed in the pre-search buffer, it is bigger than ¢, and
by (i), there are at least 2® keys below #,. However, there can be at most ® deletes
before x is moved from the pre-search buffer. Hence, x cannot become the minimum
before it is transferred from the pre-search buffer.

It is important to notice that the rest of the priority queue does not need to know
that we have replaced the atomic heap with a pre-search buffer collecting inserts in
batches. This may change the order in which updates arrive, but when they arrive,
they are treated exactly as described in the preceding sections.

2.10. A RECURSIVE HEAD. The remaining atomic heap is the one representing
the head base set. All we need from the head is access to its minimum key, so we
can replace the atomic heap with a recursively defined priority queue with capacity
®. Intuitively, this should give an amortized update time of

T(n) = 0(S(n)) +T(P),

implying the recurrence (1) from Theorem 1.1. However, we need to be a little
careful with the rebalancing of base sets, for when we join or split the head, we
cannot implement the keys moved as general recursive updates. The next lemma
deals with this issue.

LEMMA 2.8. Given a set of at most n keys, we can initialize our recursive
priority queue in O(n - S(n)) time and linear space, with no potential work to be
done by future updates.
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PROOF. First, we sort all the keys in O(n - S(n)). With sorted keys, we can
initialize the priority queue in linear time as described in Section 2.3. The head,
however, has to be initialized recursively from its sorted list of keys. Thus, with
sorted keys, we get an initialization time of

Init(n) = O(n) + Init(®) = O(n)

Finally, we note that no potential work is left for future updates. More precisely, the
initialization from Section 2.3 gives each base set size ®/2, and when amortizing
the rebalancing of base sets in Section 2.6, we only assume that new base sets start
with sizes between %@ and %CD. Also, the initialization starts with empty level
buffers and all level counters ¢; = 0, thus leaving us with no potential level work

(cf. proof of Theorem 2.6). []

We now note that the head only needs to participate in a split or join if this is
initiated by the head itself getting too many or too few keys. More precisely, by (i),
there are always at least 2 keys below ¢;. Moreover, the head has at most @ keys,
so if the second base set gets down to @ /4 keys, there must be a third base set before
t; that the second base set can join with. Thus, from the analysis in Section 2.6,
it follows that we have at least % @ updates to the head between each split or join
involving the head. To finish such a split or join, using Lemma 2.8, we initialize the
priority queue in the new head in O(® - §(®)) time. Since this cost is amortizing
over % @ updates to the head, it does not affect the overall O (S(n)) cost per update.
We conclude that (1) is satisfied by our recursive amortized update time, matching
the recurrence in Theorem 1.2.

Finally, concerning find-min, to find the minimum in constant time, it is important
that this is not done recursively. We will therefore store a reference to the minimum
key that can be returned in constant time. The recursive priority queue in the head
will also have such a reference, and we can finish each update by copying this
recursive reference. Now find-min is supported in constant time. This completes
the proof of an amortized version of Theorem 1.2.

3. Worst-Case Priority Queues

In this section, we will de-amortize the priority queue from the previous section so
astoprove Theorems 1.1 and 1.2. The challenge is that we cannot take a break, say,
to flush a full buffer. Everything has to happen in parallel: the flushing of buffers
from all levels, the scanning for new level splitters, and the rebalancing of base
sets. All this requires careful coordination.

As in the amortized case, we will construct a priority queue with capacity for up
to n keys. If we can sort up to n keys in S(n) time per key, the new priority queue
will support each update in O(S(n)) worst-case time. A variable-sized priority can
then be obtained by standard background rebuilding. The exact details can be found
in Thorup [2000, Lemma 2.1]. The update time of the variable-sized priority queue
remains O(S(n)).

3.1. THE COMPONENTS OF THE WORST-CASE PRIORITY QUEUE. The compo-
nents of our worst-case priority queue are similar to those of the amortized one
from Section 2.1, and we shall mostly focus on the differences.
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We still have most keys in logarithmic-sized disjoint base sets Ag, Ay, ..., A
where ®/4 < |A;| < & fori < k, and |A;| < O, that is, the last base set may be
smaller. This time we define ® as the smallest number bigger than 2 log n that is
divisible by 84. This divisibility will be needed for our worst-case rebalancing of
base sets in Section 3.5.

The base and level splitters are defined as before. That is, we have base split-

ters sg, S, - . ., Sk, Sg1 where sg = —00, s+ = oo, and fori = 1,...,k — 1,
max A;_; < §; < minA;. Also, a logarithmic number of base splitters are pro-
moted as level splitters 7y, f1, ..., t,+1 where £ = ®(logn), ty = 5o = —o0 and

te41 = Sk41 = oo. This time, however, there will be around 4/*! ® base keys below
t;. More precisely, we have £ = [log,(n/®)| — 1 and

(i) For j =1,..., ¢, there are more than 3.5 - 4/ ® base keys below ¢; if t; < o0.
(ii) For j =1, ..., £, there are less than 8 - 4/ & keys below ¢;.

By (i) and (i1), the finite level splitters are strictly increasing. We note that these
invariants for the worst-case construction are slightly different from the correspond-
ing invariants for the amortized construction.

For j = 2,..., £, we have a level j buffer B; which this time may have up to
3 - 4/ keys. We require:

(iii) All'keysin B; arein [£;_1, ;42). Here t4o = tp41 = 00.

Contrasting the amortized version, we note that the first buffer is on level 2, and
that the buffer keys on level j may be smaller than 7;, though not smaller than #;_;.

LEMMA 3.1. [If(i) and (iii) are satisfied, the minimum key is in the head.

PROOF. Consider any buffer key x € B;. By (iii), we have that x > ¢;_;.
However, j > 2, so by (i), there are base keys below x. The minimum key in the
priority queue must therefore be a base key in the first base set, the head. [

The above components are represented as in the amortized version (cf., Sec-
tion 2.2) with the exception of the level buffers described below.

3.2. WORST-CASE LEVEL BUFFERS. The level j buffer is divided into three
sections, each with at most 4/ keys. We have an entrance, a sorter, and a merger.
The level j buffer works in periods of 4/ level steps. These correspond to the
increments of the level j counter ¢; in the amortized construction.

In the beginning of a period, the entrance is empty, the sorter has an unsorted
set of at most 4/ keys, and the merger has a sorted list of at most 4/ keys. During
the period, up to 4/ keys are inserted in the entrance. Meanwhile, the sorter sorts
its list of keys, and the merger inserts all its keys in the base sets. At the end of the
period, the entrance hands over its keys to the sorter, who in turns hands its sorted
list of keys to the merger.

Note that it is by definition that a period has to be completed in 4/ level steps. In
principle this could be done spending linear time in the last level step of a period.
However, we are later going to show that we can implement each level step in
O(S(n)) time and yet be sure to complete a period in time. Trivially, this is the
case for sorter that has to sort at most 4/ keys, and the entrance is just receiving
keys. However, the merger is more tricky as it will have to synchronize with other
processes.
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From (iii), we know that all buffer keys in B; are in (¢;_y, f;42). Hence, the
merger can start from 7;_; in the base splitter list, and it will never reach #; .

The merging is divided into individual merge steps, and we may have multiple of
these in a level step. A merge step is atomic in the sense that no other action takes
place in the priority queue while a merge step is being performed. At the beginning
of a merge step, the level j merger will be at some base splitter s; and have some
next buffer key x to insert in the base sets. It is guaranteed that x > s;_;. If x < s;,
the merger inserts x in the base set A;_; preceding s;. It will consider the buffer key
after x in the next merge step. If 5; < x, the merger moves to the next base splitter
Sit1-

If the merge step inserts a key in a base set, there may be a subsequent rebalancing
between base sets, and if a join removes a base splitter, then any merger at that base
splitter will have to be moved. In that context, we shall need the following invariant:

(iv) The level j merger remains strictly between ;_5 and 7; 5.

The invariant implies that there can be at most 4 mergers at any given base splitter
s; € [t;,tj11); namely those from levels j — 1, j, j +1,and j + 2.

3.3. WORST-CASE LEVEL SCANNERS. In the amortized construction, to reset
level j splitter #;, we scanned the base splitter list, adding up the counters of the
base sets until we found an appropriate base splitter s; with ®4/ base keys below
(cf., Section 2.7). In our worst-case construction, this scanning is a background
process referred to as the level j scanner.

The level j scanner works in the same period of 4/ level steps as the level j
buffer. By the end of each period, it will have assigned a new value to the level
splitter 7;.

Like the level j merger, the level j scanner will start at level splitter #;_; in the
base splitter list. The scanner uses a counter 7 ; to count passed base keys. Itignores
all base keys preceding #;_, thus start with n; = 0.

In each individual scan step, the level j scanner will start at some base splitter
s;. It will move to s;41, passing A;, and adding m; = |A;| to its counter n;. If
n; reaches 4/ ®, we would like to promote s, to be the new level j splitter 7.
However, as we shall see in Section 3.5, we may have to promote a subsequent base
splitter instead. We shall need the following invariant:

(v) The level j scanner will always be strictly between ;_, and 7.

This invariant implies that there can never be more than 3 level scanners at any base
splitter.

3.4. INITIAL UPDATES. As in the amortized construction, initially, we want to
implement delete(x) simply by deleting x from whatever base set or buffer it resides
in. However, if x is in the middle of being sorted, we may have to wait taking it out
until the sorting is completed. Removing all such elements from a sorted list takes
linear time, so this does not affect the overall sorting time. We note that between
merge steps, it only helps the merger if the next element to be inserted is deleted.

As our initial implementation of insert(x), we first check if x is smaller than the
second level splitter #,. In that case, we check against all base splitters below £, to
find the right base set. By (i), there are at most 3.5 - 4 ® base keys below f,, hence
at most 3.5 - 4°® /(P /4) = 224 base splitters below #,, so finding the correct base
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set takes constant time. If x > #,, we use the pre-searcher to find the level j such
that 7; < x < t;41, and place x in the entrance of the level j buffer B;. Finally, we
perform a level step in the level j period.

In addition, each update performs a level step on one level r in a round robin
fashion. That is, after the level step, we increment r, or set it to 1 if r = £.
Corresponding to Lemma 2.4, we get the following lemma:

LEMMA 3.2. Each level j period is completed in fewer than 4’ ® /4 updates.

PROOF. A level j period takes 4/ steps on level j, and does a level j step at
least once for every ¢ updates. Moreover £ = |log,(n/®)] < (logn)/2 < ®/4
since ® > 2logn. [

Note that the ® in Lemma 3.2 is twice as big as it was in Lemma 2.4.

3.5. REBALANCING BASE SETS. We now need to balance the base sets in con-
stant worst-case time per update to the base sets. In principle, this is standard using
background rebuilding as described in Willard and Lueker [1985]. However, the
details are rather messy. Instead we will use a general join-split protocol from
Andersson and Thorup [2007] to keep the sizes of the base sets between ® /4 and
®. The last base set is allowed to be smaller, and we will play a special role as
described in Section 3.5.2.

3.5.1. A Protocol for a Weight Balancing Game. The protocol from Andersson
and Thorup [2007, Section 3.3.1] is defined as a combinatorial game on a family of
lists of non-negative integer weights. First, we describe the game on a single such
list. The players are us against an adversary. Our goal is to maintain balance in the
sense that for some parameter b, called the /atency, we want all weights to be of
size ®(b). More precisely, for some concrete constants ¢; < ¢y < ¢3 < ¢4, the list
is balanced if all weights are in the interval [c1b, c4b]. Initially, the list is neutral
in the sense that all weights are in the smaller interval [c,b, c3b].

The goal of the adversary is to upset balance, pushing some weight outside
[c1b, c4b]. The adversary has the first turn, and when it is his turn, he can change
the value of an arbitrary weight by 1. He has the restriction that he may not take
the sum of all weights in the list down below c¢;b.

After the adversary has changed a weight, we get to work locally on balance.
We may join neighboring weights w and w, into a single weight w = w| +w,, or
split a weight w into w; and w,. The adversary decides on the values of w and w5,
but he must fulfill that w; + w, = w and that |w; — wy| < Ab. Here A is called
the split error.

Each split or join is followed by a postprocessing requiring b steps during which
the involved weights may not participate in any other split or join. When it is our
turn, we get to perform one such step. Moreover, the step may only be performed
locally in the sense of being on a postprocessing involving the weight last changed
by the adversary, or a neighboring weight. The idea of the postprocessing steps is
to give the adversary a break to perform some computations while knowing that
the weights are not involved in other splits or joins.

As described in Andersson and Thorup [2007, Section 3.3.3], we will allow the
adversary to be a bit lazy about the splitting. Instead of performing the split as soon
as it is requested by the protocol, the adversary can perform the actual split during
any step of the split postprocessing. The point is to allow the adversary to use some
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of the postprocessing steps to identify a good split. The requirements of the actual
split are unchanged: if the weight is w at the step where the actual split is about to
be performed, the resulting weights w; and w, should satisfy that w; +w, = w
and that [w; — wy| < Ab.

We will now extend the game to a family of lists. The adversary wins if he
manages to unbalance some list in the family. In addition to the weight updates, he
can now perform list operations: He may add or remove a neutral list, that is, a list
with all weights in [c;b, c3b]. He may also cut or concatenate lists. When it is his
turn, he can first perform as many list operations as he desires, and then a single
weight update in one of the lists. When it is our turn, we get to work locally on
balance around his weight update as described in the single list game.

The adversary may not choose a cut arbitrarily. He may not cut between two
weights coming out of a split until the split postprocessing is completed. Moreover,
we have the power to tie some neighboring weights, and the adversary cannot cut
ties. We ourselves can only tie and untie the last weight updated by the adversary
or one of its neighbors.

An uncuttable segment is a segment of weights that the adversary may not cut.
Our tying of weights is restricted in that for some constant ¢s5 > ¢4, we have to make
sure that the total weight of any uncuttable segment is at most ¢sb. In particular,
this implies that no uncuttable segment contains more than c¢5/c; = O(1) weights.

A protocol for the balancing game is a winning strategy against any adversary.
Also, to be a protocol it should be efficient identifying its moves in constant time.

LEMMA 3. 3 [ANDERSSON AND THORUP 2007, PROPOSITION 3.9 AND REMARK
3.11]. For any latency b, split error A, and number ., we have a protocol for
the balancing game with ¢y = ub,c; = (u+3)b+1,¢c3 = QCu+A+95b —1,
ca = @Bu+ A+ 14)b, and ¢s = S + A + 20)b. In particular, for A = 7 and
w = 21, we assume that neutral lists have weights strictly between 24b and 58b,
and that the total weight of any list is more than 24b. Then, we guarantee that all
weights stay between 21b and 84b and that the maximum uncuttable segment is of
size at most 132b.

3.5.2. Applying the Protocol. 1In our priority queue construction, the weights
of in the above game will be the sizes of the base sets, possibly excluding the last
weight which may be smaller. Each list will be the sequence of base sets between
two level splitters. We will use the protocol from Lemma 3.3 with b = ®/84,
A = 7 and u = 21. Recall here that ® was chosen to be divisible by 84. We will
manage the priority queue to conform with the rules of the adversary. The protocol
then ascertains that the base set sizes remain between ®/4 and ©.

The role of the uncuttable segments is that if two neighboring base sets are in the
same uncuttable segment, then the base splitter between them cannot be promoted
to a level splitter. However, the protocol guarantees that an uncuttable segment has
weight at most 132b. In addition, to avoid creating lists of close to the minimal
legal size 24b, we will not cut off an end of weight less than 25b. In effect this
gives us uncuttable ends of weight at most 157 < 2®. Thus, we can never have
more than 2® base keys between consecutive promotable splitters. This has the
following effect on the completion of a scan from Section 3.3: when the counter
n; of the level j scanner reach the target of 4/ +1® passed base keys, it moves to
the first promotable base splitter, and promotes it to be the new level splitter ;.

Consequently, we end up with 4/® < n i =< 4/ ® 4 2. Moreover, since base
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sets have at least ®/4 keys, we have to pass less than 2&/(®/4) = 8 extra base
splitters to reach a promotable one, so this completion of a scan takes constant
time. As a special case, we note that the last base set may have less than ®/4
keys, but then it cannot be in the game, and then the base splitter in front of it is
promotable.

Below, we will first describe our implementations of the joins and splits requested
by the protocol. At the end, we will consider the issues of neutral lists of minimal
size.

3.5.2.1. IMPLEMENTING JOIN. Suppose the protocol request us to join two
neighboring base sets A and A’, removing the base splitter s between them. Let s’
be the base splitter after A’. Then, s’ will be the base splitter after the joined base
set A U A’. However, before removing s, we move all level mergers and scanners
at s to s’. By (iv) and (v) there can be at most 4 mergers and 3 scanners at s, and we
will deal with each of them in constant time: if a merger is at s, we simply move it
tos’, and if alevel j scanner is at s, we move it to s adding | A’| to its counter 7 ; for
the number of base keys passed. If n; > 4/7!®, we complete the scan as described
above, finding the first unprotected base splitter and promoting it to become the
new level splitter 7;. Having moved all mergers and scanners from s, we remove s
from the base splitter list.

So far, we have only spent constant time on the join, and this time bound also
suffices if we want to concatenate neighboring base sets. However, if A is the head
with its atomic heap, we need to insert the keys from A’ in its atomic heap. The
protocol ascertains that it takes ®/84 updates to the head or its neighbors before
the head gets involved in another join or split. Hence, it suffices to insert 84 keys in
the atomic heap during each of these base updates. This is still only constant time
per base update.

3.5.2.2. IMPLEMENTING SPLIT. The split is essentially symmetric to a join. We
want to split a base set A, creating a new base splitter s. We have ®/84 base
updates available for the split. The join-split protocol that we use from Lemma 3.3
requires that the difference in size between the two resulting sets is at most ®/12.
To implement the split, we first scan A to create a copy. The copy is not expected
to be current, but it will contain every key that stays in A for the whole split
postprocessing. We now find a median s of the copy. We will use s as our new base
splitter, so we scan the current set A again, moving all keys as big as s to a new base
set A’. All keys arriving to A after s is chosen are compared with s and if bigger,
placed in A’. If A is the head, we remove all the moved keys from its atomic heap.
All this takes O (®) time, so it can be implemented spending constant time in each
of the ®/84 base updates available for the split postprocessing. We know that s is
the median of a copy of A, and since all keys are assumed distinct, we know that it
divides the copy with at most one in difference between the sizes of the two sides.
Each of the ®/84 updates done during the split can increase the difference by one,
so the maximal difference is 1 + ®/84 < ®/12, as required.

Let s’ be the base splitter that was after A before the split. After the split s” will
be after A’, and we want to insert s in front of s’ in the base splitter list. This does
not affect any scanner, but if there is a merger at s/, we have to check if the next
update key x precedes s, and if so, move the merger back to s. By (iv), there were
at most 4 mergers at s’ so this last part takes constant time.
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3.5.2.3. NEUTRAL LISTS OF MINIMAL SIZE. Recall from Lemma 3.3 that each
list in the game needs to has to have weight at least 24H = é—j@ and that we can
only involve a new list in the balancing game if it is neutral in the sense that each
weight is between 24b = 24 7@ and 58b = gi ®. It is to satisfy these conditions that
we have made it optional to include the last weight w; in the game. Recall that this
last weight is the only one that is allowed to be less than & /4.

As a first simple case, if the total number of keys is below gcb, they will all be
in the head base set. We will then not play the balancing game at all. The balancing
game starts with a single list with one weight; namely that of the head when its size
reaches % ®. The balancing game is abandoned if we at some later stage get down

below %q:. keys.

In general, we will maintain the invariant that the last weight w; is in the game
ifw, > g ®. Note that if wy is in the game, then like any other weight in the game,
it is at least @ /4.

The invariants (i) and (ii) ensure that we have more than 24® base keys between
any two finite level splitters, so it is only the list after the last finite level splitter
that may end up having weight as low as £ d> and hence have to be taken out of
the game. Since we never cut off an end of 51ze below %5 @, the small last list must
be a result of deletions, each decreasing a weight by one. Since each weight in
the game has weight at least ®/4, the small list must consist of a single weight. If
this single weight gets down to %@, we take the small list out of the game. If the
single weight was the very last weight w;, we are done. However, it may be that
we already had a last isolated weight w;, and now we have also isolated w;_;. We
then join these two weights into a single weight w as described in Section 3.5.2.
The join takes constant time because it does not involve the head which we treated
as a special case above. Now w comprises all the weight after the last finite level
splitter. Our invariant for the last isolated weight states that w; < §4<I> and we

know that w;_; = §4CI> SOW = Wi +wy < 48(13 We now have two cases. If
w < 22;—2 @, we leave it as a single isolated last welght. Then, we have no list in the

game after the last level splitter. On the other hand, if w > é—i ®, we use it to create
a new neutral singleton list that joins the game as the list after the last level splitter.

The only case left to consider is when we have an isolated last weight wy
which is incremented to gdl We then use it to create a new neutral single-
ton list that joins the game, and concatenate with the current last list in the
game.

3.6. ANALYSIS. For the correctness of the above priority queue implementation,
we have to prove the following lemma verifying our worst-case invariants:

LEMMA 3.3. The invariants (i), (i), (iii), (iv) and (v) restated below remain
satisfied.

(i) For j =1, ..., ¢, there are more than 3.5 - 4/ ® base keys below tjift; < oo.
(it) For j = 1,...,4, there are less 8 - 4/ ® keys below ;.
(iii) All keys in B are in (tj—1,tj42). Here ty 4o =ty = 00.

(iv) The level j merger remains strictly between t;_y and tj.

(v) The level j scanner remains strictly between t;_y and t; ;.
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PROOF. Internal to the proof, we will introduce an extra, more technical
invariant:

(vi) If x is in a buffer B+ when we start the scan for 7;, j < j*, then the scan for
t; cannot reach x.

We will prove that there cannot be a first violation to any of the invariants. Hence,
we will assume that no invariant has been violated in the past.

First, we prove (i). Consider some instance of ¢;. We know that when level j
scanned for 7;, it passed at least 4/+1® base keys. Some of these may be deleted in
the period of the scan for 7; or in the period in which #; is active before it is replaced
by anew 7;. By Lemma 3.2, we have fewer than 2-4/ ® /4 = 4/ ® /2 deletes in these
two periods. Thus, while ¢; is active, there are more than4/ ™' ® -4/ /2 > 3.5.4/
base keys below ;. This completes the proof of (i).

Next, we prove (vi). When x was inserted, we had x > t;+, so by (i), there were
at least 3.5 - 4/°® base keys below x. We know that x can reside in B for at
most 3 level j* periods. Also, the scan for ¢; j lasts one level j period. Hence by
Lemma 3.2, we lose at most 3 - 4/"® /4 + 4/ ® /4 keys between the insertion of x
in B» and the end of the scan for 7;. Thus, we have at least

35470 —(3-4/D/A+4D/4)=275-4"D—4TD/4>10.75-4'D

base keys below x that have been alive throughout the scan for 7.
However, by (ii), there are at most 8 - 4/~! ® base keys below ¢ j—1 when we start
the scan, and the scan itself passes at most 4/*!® + 2® base keys. Since

8- 47104+ 4/MD 420 <6540 <825-4/,

we conclude that 7; cannot reach x. This completes the proof of (vi).

To prove (ii), we count the keys below an active level splitter ;. When we say
that keys “started” somewhere, we refer to the state when we started scanning for
t;, which is the period before 7; became active. Any key below 7; while active must
be in at least one of the following groups:

—Keys starting below #;_; of which there are at most 8 - 4/~'® by (ii).

—Live base keys passed in the scan for ;. By definition of a scan, there can be at
most (4/7! + 2)® such keys.

—Keys starting in one of the buffers. We know from (vi) that we only need to

consider buffers at level j or lower, and the total number of keys starting in those
buffers is bounded by

Z|Bh|<z(3 4’1)<— 3.4/ =4+

—Keys inserted since the scan started, either in the period of the scan, or the period
where ¢; is active. By Lemma 3.2, there are at most 4/ ®/2 such keys.
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Adding up, we conclude that there are at most

8-471d 4+ @ +2)0 + 4/ 4 D)2
<7-4d 441
<84

keys below ;. The last inequality uses that & > 4. This completes the proof of (ii).

We will now prove (iii). We consider x € B;. First we prove x > ¢;_;. By (i),
the number of keys below #;_; is less than 8 - 4/71® = 2 . 4/ ®. However, when x
was inserted in B}, by (i), there where at least 3.5 - 4/ ® base keys below #; < x.
That was less than three periods ago, so by Lemma 3.2, at most 3 - 4/ ® /4 of these
keys have been deleted. Since

3540 -3.40/4=275-4d>2.-4/0,

we conclude that x > #;_;. Next we prove x < t;4; with a very similar calculation.
By (i), the number of base keys below 7}, is more than 3.5 -4/ +2d. However, when
x was inserted in B, by (ii), there where less than 8 - 4/ +1® keys below ¢ 1 =X

However, that is less than three periods ago, so by Lemma 3.2, at most 3 - 4/ ® /4
more keys can have been inserted below x. Since

8- 4/M1d4+3.4/0/4 <35.4120,

we conclude that x < ;5.

Finally, we prove (iv) and (v). To see that the level j scanner and merger cannot
by “overtaken” by 7;_», we note that they started at a value x = ¢;_;. The proof
of (iii) above really showed that #;_, < x for at least three periods. However, the
scan or merge only lasts a single period, and the value can only increase. Hence, it
follows that both scanner and merger remain above #;_,.

The merger cannot reach 7, as it stops as soon as it has placed its last buffer
key x, and by (iii), we have x < t;,,. This completes the proof of (iv).

Finally, to see that the scanner cannot reach ¢;, we note that the proof of (vi)
allows for x € B to have value ;. This completes the proof of (v), hence of
Lemma 3.4. [

Next, we have to show that the merging and scanning can be done efficiently.

LEMMA 3.5. Each level step can perform the necessary merging and scanning
in constant time.

PROOF. Recall that for level j, we have 4/ steps to complete a period. We have
to complete both merging and scanning in such a period, spending only constant
time on each level step.

Currently, we have described the merging and scanning as divided into atomic
steps, each taking constant time. However, a merge step may insert a key in a base
set and follow this by some constant time rebalancing of base sets, which in turns
may move a constant number of scanners and splitters (but do not insert any more
base keys). All this is included in the constant time we spend on a merge step.

Our goal is to show that it suffices to perform a constant number of merge and
scan steps in each level step.
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First, we consider scanning, which is almost trivial. Each scan step moves us
to the next splitter, adding at least ®/4 to our counter 7. Joins and splits of the
base set may move the scanning but they can never decrease the counter. The
scan terminates before the counter reaches (4/*!' 4+ 2)®, and this takes at most
@4/t 4+ 2)d/(d/4) < 18 - 4/ atomic scan steps. Thus, it suffices to perform 18
atomic scan steps in each merge step.

The analysis for the merger is a bit more subtle. By definition, we have at most 4/
buffer keys to insert in the base sets during the merge. The tricky part is to measure
the progress done when a merge step moves us from one base splitter to the next, for
there are cases where a split of a base set can pull a merger back to a new preceding
base splitter.

We define the minimum of the merger as the minimum of the next buffer key and
the next base splitter. Now, returning to split, it takes a base set A with subsequent
base splitter s, and creates a new base splitter s’ from A in front of s. If a merger at
s has its next buffer key x < s’, the split pulls the merger back to s’. However, this
does not affect our minimum which is still x. We note that the join cannot decrease
the minimum of the merger either, though it can increase the minimum when it
removes a base splitter, moving any merger to the next base splitter. Whenever the
minimum of the merger increases from x to x’, we say that it passes the base keys
that are currently live in [x, x”).

We now consider an atomic merge step. It can happen at most 4/ times that a
buffer key is the minimum to be inserted in the step. Otherwise, the merger will skip
the next base splitter. If the new minimum is the next buffer key, then we are back
to the previous case, and that can happen at most 4/ times. If the new minimum is
a base splitter, we have passed a base set with at least ®/4 base keys.

The next question is how many base keys the merger can pass. Since the merger
stops when the buffer is empty, we will only pass base keys smaller than the largest
buffer key x, and by Lemma 3.4(iii), we had x < 7;;, when the period started.
By Lemma 3.4(ii), there were less than 8 - 4/ ® keys below 7, when the period
started. By Lemma 3.2, at most 4/ ®/2 keys can arrive during the period. Hence
it follows that the merger passes less 8.5 - 4/® keys. Thus, we can have at most
8.5-4/d/(®/4) = 34 -4/ merge step moving the minimum from one base splitter
to the next.

All in all we end up with at most 36 - 4/ atomic merge steps to be completed in
a period, so it suffices to do 36 of these in each level j step.

We remark that via Lemma 3.2 and 3.4, the above analysis used that each period
completed its merge and scan, and we used this to prove that each period completed
its merge and scan. The reason that this is not a circular argument is that we are
really only assuming that each preceding period has completed its work correctly.
About the current period, we just used that the length of the period limited how
many updates there could be, and from that we concluded that the merging and
scanning would be completed by the time the period ended. [

We are now ready to complete the analysis of the construction.

LEMMA 3.6. The above priority queue uses O (n) space, supplies the minimum
in constant time, and supports updates in O (S(n)) time.

PROOF. The general correctness follows from Lemma 3.4. The space bound is
trivial in that we use constant space for each key plus sublinear space for all the
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splitters. By Lemma 3.1, the minimum key is in the head, from which it can be
accessed in constant time.

For the update time we note that we initially spend constant time on each update.
For an insert, this includes placing the key in a buffer, and for a delete, this includes
possible rebalancing of the base sets. Moreover, each update results in at most two
level steps. A level step spends O (S(n)) time in the sorter. Moreover, by Lemma 3.5,
itspends constant time on merging, including rebalancing of base sets, and scanning.
This adds up to O(S(n)) time per update. [

Lemma 3.6 immediately implies the statement of Theorem 1.1 for n a fixed
capacity, and stated earlier, we get variable size from Thorup [2000, Lemma 2.1].
This completes the proof of Theorem 1.1.

3.7. A WORST-CASE PRE-SEARCH BUFFER. We will now show how to bypass
the atomic heap in the pre-searcher. The construction is very similar to the amortized
construction from Section 2.9. We shall refer to the priority queue described above,
but without the atomic heap in the pre-searcher, as the basic priority queue. We will
construct the pre-searcher as a front-end to the basic priority queue.

As in the amortized construction, the basic idea is to make a pre-search buffer
that we can sort to find the right levels. For a worst-case construction, we divide
the pre-search buffer in an entrance, a sorter, and an exit, each with capacity of &
keys. The pre-searcher works in periods of ® updates. When a period starts, the
pre-search entrance is empty. If an update inserts a key x > 1,, the key is placed in
the entrance in a set X, represented as a doubly-linked list.

When the next period starts, a pointer to the set X is moved to the pre-search
sorter, leaving the entrance empty. This move takes constant time. The sorter also
copies the level splitters. This is done in a scan through the level splitter list. We
note the level splitters copied may not be alive at the same time as the scan is done
over multiple updates. Let t} be the copy that was made of the level j splitter 7;.
Now, the sorter sorts the keys it got from the entrance together with its level splitter
copies. Finally, the sorter runs through the sorted list, removing keys x € X that
were deleted while the sorting took place. The final result of the sorting is that we
for each remaining key x € X know the level j such that x € [t;., t; +1)- The level
j is stored with x when X is moved to the exit at end of the period.

The work done by the pre-search buffer in a period is dominated by the sorting
which takes O (P - S(P)) time, and this work is distributed as O (S(P)) time at each
of the ® updates.

The way the overall priority queue works is that when an update is made, it is
applied directly to the basic priority queue unless it is an insert of a key x > f,, in
which case we place x in the pre-search entrance. Moreover, if there are keys in the
pre-search exit, we take one and insert it in the basic priority queue. One important
thing to note here is that an update to the overall priority queue can generate two
updates for the basic priority queue.

We now need some lemmas to show how the keys from the pre-search exit can
be added to the basic priority queue in constant time.

LEMMA 3.7. If we consider any period of at most 24® updates to the basic
priority queue, then the initial value of t; is less than the final value of t; 1, and

the final value of t; is less than the initial value of t ;.
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PROOF. First, if j = 0, the result is true by definition since t) = —o0 < ;. If
j > 0, by Lemma 3.4(ii), there are always less than 8 - 4/ ® keys below ¢;, and by
Lemma 3.4(i), there are more than 3.5 - 4/ 71 keys below 7;;. Thus, we have a
difference of more than

354710 - 8. 4/0 =6-4/d > 240
keys, which would have to be made up for by new updates. [

LEMMA 3.8. With a key from the pre-search exit, we can perform an initial
insert in constant time.

PROOF. The initial update from Section 3.4 took constant time. The only thing
we are missing now is the atomic heap in the pre-searcher which for a key x found
the level j such that x € [z}, 7;41). However, when x is from the pre-search exit,
we have a level j’ such that x € [t},, 7).

We know that there are at most 2 periods of ® updates to the overall priority
queue from the time that t} and t;. 41 were copied from 7; and 7;,. These updates
to the overall priority queue lead to at most 4® updates to the basic priority queue.
It now follows from Lemma 3.7 that x > t}, > tj—y and that x < ’}/+1 < tjiyo.
Hence x € [t}, tj41) for jequalto j"— 1, j', or j' 4 1, and we can check which by
comparing x with#; and 7. These comparisons take constant time as desired. []

We also need to make sure that the minimum key stays in the head of the basic
priority queue.

LEMMA 3.9. If x is in the pre-search buffer, then there are at least 56® base
keys below x. The minimum key of the overall priority queue is hence found in the
head of the basic priority queue.

PROOF. When x was placed in the pre-search buffer, it was bigger than #,, so
by Lemma 3.4(i), there were more than 3.5 - 42® = 56® base keys below x. Now
x stays in the pre-search buffer for at most 3 periods of ® updates to the overall
priority queue. Since no deletes come out of the pre-search buffer, we can lose at
most 3® keys. Hence we cannot get less than 53® base keys below a key x in the
pre-search buffer. []

LEMMA 3.10. The overall priority queue, combining the basic priority queue
with the pre-search buffer, uses O(n) space, supplies the minimum in constant time,
and supports updates in O(S(n)) time.

PROOF. The search pre-buffer only uses O(®) = O(log n) space, so the linear
space follows from Lemma 3.6. By Lemma 3.9, we get the minimum from the head
which as an atomic head supplies the minimum in constant time. In each update, we
spend O (S(®P)) time in the pre-search buffer, and by Lemma 3.8, this replaces the
need for an atomic heap in the pre-searcher. Moreover, we do at most two updates
to the basic priority queue and each takes O(S(n)) time by Lemma 3.6. [

3.8. THE RECURSIVE HEAD. As in the amortized construction, we will replace
the atomic priority queue in the head with a recursively defined priority queue.
However, first, we add to our priority queue a separate variable with a copy of the
minimum key. At the end of each update, the minimum should be found and copied.
This way, it is clear that find-min can be computed in constant time. The recursive
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version in the head will maintain a copy of its minimum key which we can copy in
constant time after any recursive update to the head.

For the base of the recursion, we implement the priority queue as a simple sorted
listif ® > n/12. Recall here that ® was the first number bigger than 2 log n which
is divisible by 84. It follows that the priority queue has constant size in this base
case, hence that we can implement all updates in constant time.

We will show that update time 7 (n) of our recursively defined priority queue
satisfies the recurrence

T'(n) = O(S(n)) + T(O(P)).

First we show that the head is only affected by updates to smaller keys in the priority
queue.

LEMMA 3.11. The head is only affected by direct updates to the 3® smallest
keys.

PROOF. The head can be affected either directly when an update is of a key in
the head itself, or when the head is being rebalanced with a join or a split. We only
work on rebalancing when we update an involved base set or one of its neighbors
(cf., Section 2.6). Since the head is the first base set, it is only being rebalanced by
updates to the first three base sets, and each base set has at most @ keys.

From Lemma 3.4(i) and Lemma 3.9, it follows that neither level buffers nor the
pre-search buffer can contain any of the 3® smallest keys, so these are all found
in the base sets. This also implies no updates to the first three base sets can pass
through any buffer, so they must be direct updates. [

Next we argue that the rebalancing does not effect our update time.

LEMMA 3.12. The time we spend on rebalancing the head is O(S(®)) per
update.

PROOF. We know that we have ®/84 updates available to implement a join or
split of the head. In that time, we have to move less than ® keys to or from the
head, so we may spend O(S(®)) time on each key moved. The rebalancing keeps
the head of size ®/4, and it never moves any of the first /4 keys.

Let W be the value of ® for the recursively defined priority queue. That is, W
is the first number bigger than 2log ® which is divisible by 84. If ¥ < ®/12,
the recursive priority queue in the head is in the base case where all updates are
implemented in constant time. We can then move each key in constant time.

If ¥ > &/12, we know that the keys moved are not among the first /4 > 3W
keys in the head. Hence, by Lemma 3.11, the updates do not affect the head of the
head. Consequently, the update time from Lemma 3.10 applies to the moves to and
from the head. Hence, we spend O (S(®)) time on each key moved to rebalance the
head. [

LEMMA 3.13. In the above recursive priority queue with capacity of n keys
uses O(n) space. It supplies the minimum in constant time. It spends O(S(n)) time
per update. In addition, we spend T (®) time on updates to the head. Here T (m) is
the update time of a recursive priority queue with capacity m.

PROOF. From Lemma 3.10, it follows that the total space used is
Space(n) = O(n) + Space(®) = O(n).
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The minimum is stored in a separate variable, and can hence be supplied in constant
time. From Lemma 3.10, we know that the update time spent outside the head is
O(S(n)). By Lemma 3.12, the rebalancing of the head takes O (S(®)) = O(S(n))
time per update. For direct updates to the head, we have an additional recursive
cost of T'(®). Finally, we spend constant time copying the minimum of the head to
our variable for the minimum. []

Since ® = O(logn), Lemma 3.13 immediately implies the statement of Theo-
rem 1.2 for n a fixed capacity, and stated earlier, we get variable size from Thorup
[2000, Lemma 2.1]. This completes the proof of Theorem 1.2.

4. Concluding Remarks

Above, we have shown how a priority queue can be constructed with an update
time matching the per key cost of sorting, which is best possible. This allowed us to
translate sorting results so as to improve update times for priority queues in several
models of computation.

Using the reduction of Alstrup et al. [2005], we can bring the insert time down to
constant and only pay the per key cost of sorting for deletes. A further reduction of
Mendelson et al. [2006] shows that, if we are satisfied with amortized time bounds,
we can also meld priority queues in constant time, preserving the other bounds.

One major open problem is whether there is a general reduction that allows us
to decrease the value of a key in constant time. Such a fast decrease-key operation
helps in Dijkstra’s single source shortest path algorithm [Dijkstra 1959], which
may perform many more decrease-key operations than other operations. Recently,
Thorup [2004] has presented a priority queue supporting insert and decrease-key
in constant time and delete in O (loglog n) time, and this matches the current best
deterministic sorting bound of O (n log log n) by Han [2004]. However, randomized
we know how to sort in O (n4/log log n) expected time, but we do not know how to
get insert and decrease-key in expected constant time and delete in O (4/log log n)
expected time.
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